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Using the algebraic definition of a sampling design introduced in [6], and the notion of quotient sampling 

designs described in [5] and [6] we present the definition of inverse sampling designs and examine some of their 

properties.  
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INTRODUCTION 

 

In the sampling theory, as a part of mathemat-

ical statistics, that has been developed for several 

decades, one can find different approaches in select-

ing a sample from a population. The discrete and 

in the theory of sampling design, enables use of fi-

nite algebraic structures in research in this area of 

statistics. In [6] we have examined the algebraic 

structure of sampling designs, gave a unified formal 

definition of the notion of sampling design that 

opened the way of construction of new interesting 

designs with some better properties in terms of their 

use in statistical inference. In [5] we have shown 

hоw to construct a quotient design of a given sam-

pling design. In this paper we present the results 

about the opposite task, namely, we construct in-

verse sampling designs that can be associated to a 

given sampling design. 

Further on, when it is clear from the contest, 

we will use only the word design instead of sampling 

design.   

At the beginning we present some preliminar-

ies. In sections two and three we state the unified 

definition of a sampling design as an algebraic struc-

ture and the definition of a quotient design, give 

some examples and state some already published re-

sults about quotient designs. In section four a con-

struction and characterization of inverse designs is 

given. 

Let 𝐵 =  {𝑏1, ⋯ 𝑏𝑁} be a finite set (called pop-

ulation), S=S(B) be a semigroup generated by B, and 

U=U(B) be a free semigroup generated by B. The el-

ements of U(B) will be denoted by , , , … and 

the elements of the semigroup S(B) by s, t, u, ….  

Let 𝜎 ∈ 𝑈,  = 𝑏1 ⋯ 𝑏𝑛, for 𝑏𝑖 ∈ 𝐵. For a 

given  𝑏 ∈ 𝐵,  we say that 𝑏 ∈ , if 𝑏 = 𝑏𝑖 for some 

1 ≤ 𝑖 ≤ 𝑛. The length L() of  is n. We define the 

content 𝐶() of  ∈ 𝑈, by  

𝐶() = {𝑏 | 𝑏}. 
If 𝑆(𝐵) is a semigroup generated by B, then 

there exists a unique homomorphism (which is an 

epimorphism)  ∶  𝑈(𝐵)𝑆(𝐵) such that (𝑏) = 𝑏 
for each 𝑏 ∈ 𝐵  ([1]). From now on we will use the 

symbol   only for this epimorphism.  

 
SAMPLE AS AN ELEMENT 

OF A SEMIGROUP 

 
In this section we give the definition of a sam-

pling design via semigroups and give some exam-

ples that show how some known sampling designs 

can be represented in terms of this definition.  

Let 𝐵 =  {𝑏1, ⋯ , 𝑏𝑁} be an identifiable popu-

lation and S(B) a semigroup generated by B.  

 

very often finite nature of population that is of interest
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Definition 2.1  A sampling design over the popula-

tion B and the semigroup S is an ordered triple 𝑷 =
(𝐵, 𝑆, 𝑝), where 𝑝: 𝑆(𝐵)ℝ is a real function such 

that: 

i) For each 𝑠 ∈ 𝑆, 𝑝(𝑠) ≥ 0; and      

ii) ∑ 𝑝(𝑠)𝑠∈𝑆(𝐵) = 1. 
The semigroup S(B) is called a sampling set 

and the function p - a design function.  The elements 

of S(B) are called S – samples over B, i.e., samples 

over B in the semigroup S.  

A carrier of the design P is the set 

𝑆𝑝 = {𝑠|𝑠 ∈ 𝑆(𝐵), 𝑝(𝑠) > 0}. 

A unit 𝑏 ∈ 𝐵 belongs to a sample 𝑠 ∈ 𝑆, de-

noted by 𝑏 ∈ 𝑠, if 𝑠 =  𝑎1 ⋯ 𝑎𝑛 for 𝑎1, ⋯ , 𝑎𝑛 ∈ 𝐵 

and there is an 𝑖 such that 1 ≤ 𝑖 ≤ 𝑛  and  𝑏 = 𝑎𝑖. In 

other words 𝑏 ∈ 𝑠 if and only if there is a  ∈ 𝑈, 

such that 𝑏 ∈  and () = 𝑠.  

A sampling design 𝑃 = (𝐵, 𝑆, 𝑝) is called a 

regular design if for each 𝑏 ∈ 𝐵, there is an 𝑠 ∈ 𝑆𝑝 

such that 𝑏 ∈ 𝑠.  

We say that a sampling design 𝑷 = (𝐵, 𝑆, 𝑝) is 

finite design if the carrier of 𝑷,  𝑆𝑝 is a finite set.  

The content 𝐶(𝑠) of 𝑠, is defined by 

𝐶(𝑠) = {𝐶()|𝑈,() = 𝑠}.  

By this definition we have that if bB, sS, 

then 𝑏 ∈ 𝑠 if and only if 𝑏 ∈∪ {𝐶|𝐶 ∈ 𝐶(𝑠)}.  

The length 𝐿(𝑠) of 𝑠, is defined by  

𝐿(𝑠) = {𝑛| 𝑛 = 𝐿(),() = 𝑠}. 

In other words, the length of s is the set of nat-

ural numbers that are lengths of the representations 

of s as a product, i.e., that are lengths of all  ∈ 𝑈, 

such that () = 𝑠. 

We say that a pair (B, S) satisfies the condition 

for uniqueness of content (or length) if and only if 

𝐶(𝑠) (or 𝐿(𝑠)) is a set with one element, for each 𝑠 ∈
𝑆(𝐵). 

The following examples illustrate the repre-

sentation of different sampling designs, known in lit-

erature, dealing with sampling designs, in terms of 

Definition 2.1.    

Example 2.1. In [2] a sample is defined as a finite 

sequence of units of a population with replications – 

ordered sampling design with replications. It can be 

represented by a design 𝑷 = (𝐵, 𝑈, 𝑝) where U is а 

free semigroup generated by B, whose elements 

(samples) are finite ordered sequences of B with rep-

lication. By the definition, it follows that the pair (B, 

U) satisfies the condition for uniqueness of contents 

and the condition for uniqueness of length. The same 

representation 𝑷 = (𝐵, 𝑈, 𝑝) is valid for an ordered 

sampling design with replications of fixed length, 

where if 𝑝(𝑠) > 0 , the length of 𝑠 is some fixed 

number m.  

Example 2.2. In [3] a sample is defined as a finite 

sequence of units of a population without replica-

tions – ordered sampling design without replica-

tions. This design is of the form 𝑷 = (𝐵, 𝑆, 𝑝), where 

S is the semigroup generated by B in which the fol-

lowing identities hold for each 𝑥, 𝑦 ∈ 𝑆:  

𝑥2 = 𝑥   and   𝑥𝑦𝑥 = 𝑥𝑦. 

The condition for uniqueness of contents is satisfied 

but not the condition for uniqueness of length, alt-

hough there is a unique canonical representation of 

each element of S as a product of units and can be 

used for definition of unique content and length.  

Example 2.3. In [4] a sample is defined as a subset 

of B – unordered sampling design without replica-

tion. According to our definition, this design can be 

represented by (𝐵, 𝑀(𝐵), 𝑝) where 𝑀(𝐵) is a free 

semi-lattice generated by B, i.e.  the semigroup 

where, for each 𝑥, 𝑦 ∈ 𝐵, the following identities 

hold  

  𝑥2 = 𝑥  and  𝑥𝑦 =  𝑦𝑥.  

The condition for uniqueness of content is satisfied 

but the condition for uniqueness of length in general 

is not satisfied, although as in the previous example 

there is a unique canonical representation for each 

element of M(B) that can be used for definition of 

unique content and length.  

Example 2.4. A sampling design where the sample 

is defined as a multi subset of B, is called, an unor-

dered sampling design with replications.  By Defini-

tion 2.1, a design of this type over a population B is 

of the form (𝐵, 𝑁, 𝑝) where 𝑁 = 𝑁(𝐵) is a free com-

mutative semigroup generated by B, i.e. the semi-

group in which the following identity holds for each 

𝑥, 𝑦 ∈  𝐵: 

   𝑥𝑦 =  𝑦𝑥 

Both conditions for uniqueness of content and length 

are satisfied.  

Example 2.5. We give an example of a design that 

doesn’t satisfy neither the condition for uniqueness 

of content nor the condition for uniqueness of length. 

Such a design is the design (𝐵, 𝑆, 𝑝) where S is a 

semigroup in which the following identity 

𝑥𝑦𝑧 = 𝑥𝑢𝑧 

holds for each 𝑥, 𝑦, 𝑧, 𝑢 ∈ 𝑆.  
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QUOTIENT DESIGNS 

 

In this section we give the definition of quo-

tient designs introduced in [5] and state some prop-

erties which are discussed and proven there. 

Assume that 𝑆 = 𝑆(𝐵) and 𝑆′ = 𝑆′(𝐵′) are 

semigroups generated by finite populations B and 𝐵′, 
and |𝐵| = 𝑁, |𝐵′| = 𝑁′   with   𝑁′ ≤ 𝑁.  

 

Theorem 3.1 Let 𝑷 = (𝐵, 𝑆, 𝑝) be a sampling design 

and let  ∶  𝑆𝑆  be an epimorphism such that 
(𝐵) = 𝐵. If  𝑝 =  𝑝𝜑: 𝑆′ℝ is defined by  

𝑝′ (𝑠′ ) = ∑ 𝑝(𝑠)𝑠∈𝜑−1(𝑠′ )   for each sS,  
then, P = (B,S,p) is a sampling design such that 
𝑆′𝑝′ = 𝜑(𝑆𝑝).  ∎ 

We say that P  is a quotient design of the de-

sign P by the epimorphism , and denote it by 𝑷𝝋. 

In the same sense, we say that P is an -inverse de-

sign (or just inverse design) of the design 𝑷𝝋.  

In the above theorem and further on, for ab-

breviation, we use  𝜑−1(𝑠) instead of 𝜑−1({𝑠}).  

Theorem 3.2 Any design (𝐵, 𝑆, 𝑝′) is a quotient de-
sign by some epimorphism   of some  design 
(𝐵, 𝑈, 𝑝). ∎ 
Proposition 3.3 Quotient design of a regular design 
is a regular design. ∎ 
Proposition 3.4 Quotient design of a finite design is 
a finite design. ∎ 
Proposition 3.5 For any design 𝑷 = (𝐵, 𝑆, 𝑝) there 
is a quotient design 𝑷𝝋 which is regular and finite. ∎ 
Example 3.1. Let 𝑆′ = {1} be the semigroup with 

one element, and 𝐵′ = 𝑆′ = {1}. Then there is a 

unique design 𝑷′ = (𝐵′, 𝑆′, 𝑝′) for which 𝑝′(1) = 1. 

The design 𝑷′  is regular and finite and is a quotient 

design of any design P.  

Proposition 3.6  Any  finite design which is not reg-
ular has a quotient design which is not regular. ∎ 
Proposition 3.7 Any regular design which is not fi-
nite has a quotient design that is not finite. ∎ 

 

INVERSE SAMPLING DESIGNS 

 

In the previous section we gave a construction 

of a quotient design 𝑷′ = (𝐵′, 𝑆′, 𝑝′) for a given de-

sign 𝑷 = (𝐵, 𝑆, 𝑝) and epimorphism 𝜑: 𝑆 → 𝑆′, and 

called the design 𝑷 a 𝜑-inverse design of 𝑷′. In this 

section we will look at the opposite task, i.e., for a 

given design and given epimorphism, we will con-

struct inverse designs.  

Theorem 4.1 Assume that 𝑆 = 𝑆(𝐵) and 𝑆 ′ = 𝑆′(𝐵′ ) 
are semigroups generated by finite populations B 
and 𝐵′, |𝐵| = 𝑁, |𝐵′ | = 𝑁′  with  𝑁′ ≤ 𝑁, and 
: 𝑆𝑆  is an epimorphism such that (𝐵) = 𝐵. 

Let 𝑷′ = (𝐵′ , 𝑆 ′ , 𝑝′ ) be a sampling design and 
let for each 𝑠′𝑆’,  

 𝑝𝑠′ :−1(𝑠’)ℝ 
be a function, such that: 
𝑎) 𝑝𝑠′ (𝑠) ≥ 0    for each 𝑠 ∈ 𝜑−1(𝑠′); 
𝑏) ∑ 𝑝𝑠′ (𝑠)𝑠∈𝜑−1( 𝑠′) = 𝑝′(𝑠′ ). 

If the function 𝑝: 𝑆ℝ is defined by  
𝑝(𝑠) = 𝑝𝜑(𝑠)(𝑠), 

then: 𝑷 = (𝐵, 𝑆, 𝑝) is a -inverse design of 𝑷′;  
𝑆𝑝

−1(𝑆′𝑝′ ); and 𝑷′ = 𝑷𝝋. 
Proof. First of all, since (𝑠) is completely deter-

mined by 𝑠, 𝑝(𝑠) is well defined real number, and it 

is clear that 𝑝(𝑠) ≥ 0. On the other hand  

∑ 𝑝(𝑠)

𝑠∈𝑆

= ∑ 𝑝𝜑(𝑠)(𝑠)

𝑠∈𝑆

= ∑ ∑ 𝑝𝑠′(𝑠)

𝑠′∈𝑆′𝑠∈𝜑−1(𝑠′)

= ∑ ∑ 𝑝𝑠′(𝑠)

𝑠∈𝜑−1(𝑠′)𝑠′∈𝑆′

= ∑ 𝑝′(𝑠′)

𝑠′∈𝑆′

= 1.

So, 𝑷 = (𝐵, 𝑆, 𝑝) is a design over 𝑆 = 𝑆(𝐵) and  

𝑝′(𝑠′) = ∑ 𝑝𝑠′(𝑠)

𝑠∈𝜑−1(𝑠′)

= ∑ 𝑝(𝑠).

𝑠∈𝜑−1(𝑠′)

 

This implies that 𝑷′ is a quotient design of P by , 

and so, P is -inverse design of 𝑷′ . ∎ 

Let us note that if 𝑠′1, 𝑠′2 ∈ 𝑆′ and 𝑠 ∈ 𝑆 are 

such that 𝑠 ∈ 𝜑−1(𝑠′
1) ∩ 𝜑−1(𝑠′

2
), then 𝑠′1 = 𝑠′2, 

meaning that 𝑝: 𝑆 → ℝ is well defined. Also, if we 

consider the family of all functions 𝑝𝑠′: 𝜑−1(𝑠′) →
ℝ, which satisfy the conditions a) and b) in Theorem 

4.1, we will obtain the family of all designs 𝑷 =
(𝐵, 𝑆, 𝑝) that are -inverse of 𝑷′. Particularly, if 

𝑷′ = 𝑷𝝋, putting 𝑝𝜑(𝑠)(𝑠) = 𝑝(𝑠) , we will get the 

initial design P. 

We should emphasise that if 𝑠′ ∈ 𝑆′ is such 

that 𝑝′(𝑠′) = 0, i.e., 𝑠′ ∉ 𝑆′𝑝′, then 𝑝𝑠′(𝑠) = 0, for 

all 𝑠 ∈ 𝜑−1(𝑠′). Nevertheless, it is possible to have 

𝑝(𝑠) = 𝑝𝜑(𝑠)(𝑠) = 0 for some 𝜑(𝑠) ∈ 𝑆′𝑝′.  

The first part of the next theorem follows from 

the Propositions 3.5 –3.7, the Example 3.1 and the 

Theorem 4.1. 

Theorem 4.2 (i) It is possible that an inverse design 
of a: a) finite, b) regular, or c) finite and regular de-
sign, does not have the same property.  
(ii) A design 𝑷′  has some of the properties a), b), or 
c) if and only if there is an inverse design P of 𝑷′  
that has the same property. 
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Proof.  From the Theorem 4.1 and the Propositions 

3.3 and 3.4 it follows that if there is an inverse design 

P of 𝑷′ that has some of the properties a), b) or c), 

then the design 𝑷′ has the same property.  

To prove the other direction of part (ii) of the 

theorem, for 𝑷′ finite or regular, we give a construc-

tion of an inverse design that is finite and inverse de-

sign that is regular and an inverse design that is finite 

and regular.  

Let 𝑷′ be a finite design. We will construct a 

finite inverse design of 𝑷′.  

For all 𝑠𝑆′𝑝′ we choose 𝑠1, ⋯ , 𝑠𝑘(𝑠′) ∈ 𝜑−1(𝑠′) 

and real numbers 𝑝1,𝑠′, ⋯ 𝑝𝑘(𝑠′),𝑠′ > 0 such that  

∑ 𝑝𝑖,𝑠′
𝑘(𝑠′)
𝑖=1 = 𝑝′(𝑠). 

Then the corresponding inverse design P is fi-

nite. Let us note that if we are varying 𝑠1, ⋯ , 𝑠𝑘(𝑠′) 

and the numbers 𝑝𝑖,𝑠′ over all possible values, we 

will get all possible  finite inverse designs of 𝑷′. 

 Let us assume now that 𝑷′ is a regular design. 

Then, there is a finite subset 𝐴′ of 𝑆′𝑝′ such that for 

each 𝑏′ ∈ 𝐵′, there is 𝑠′ ∈ 𝐴′ such that 𝑏′ ∈ 𝑠′. (We 

can assume that 𝐴′ is the minimal set with this prop-

erty, which will mean that |𝐴′| ≤ 𝑁, but for the fol-

lowing discussion this is irrelevant.) Then, for 𝑠′ ∈
𝐴′ let 𝑎′1, ⋯ 𝑎′𝑘(𝑠′) be the elements of 𝐵′ for which 

𝑎′𝑡 ∈ 𝑠′. We are looking at all units 𝑏 ∈ 𝐵, for which 

𝜑(𝑏) = 𝑎′𝑡 for some t. For each b with this property, 

we choose 𝑠𝑏 ∈ 𝑆, such that 𝜑(𝑠𝑏) = 𝑠′ and 𝑏 ∈ 𝑠𝑏. 

(This is possible since, from 𝑎′𝑡 ∈ 𝑠′ it follows that 

𝑠′ = 𝑡′𝑎′
𝑡𝑞′ , where 𝑡′, 𝑞′ ∈ 𝑆′ ∪ {𝜆}, and 𝜆 is the 

empty sequence. So, the 𝑠𝑏 we are looking for is 

𝑠𝑏 = 𝑡𝑏𝑞, for 𝑡 ∈ 𝜑−1(𝑡′) and 𝑞 ∈ 𝜑−1(𝑞′).) By 

𝐴(𝑠′) we denote the set of all such 𝑠𝑏. 

Finally, we choose a function 𝑓𝑠′: 𝐴(𝑠′) → ℝ 

such that 𝑝′(𝑠′) = ∑ 𝑓𝑠′(𝑠)𝑠∈𝐴(𝑠′)  and for each  𝑠 ∈

𝑆′, 𝑓𝑠′(𝑠) > 0. Such a function 𝑓𝑠′ exists, since 

𝑝′(𝑠′) > 0 and 𝐴(𝑠′) are finite. For example, we can 

define 𝑓𝑠′(𝑠) = 𝑝′(𝑠′)/|𝐴(𝑠′)|. Then, the function 

𝑝𝑠′: 𝜑−1(𝑠′) → ℝ is defined by  

𝑝𝑠′(𝑠) = {
𝑓𝑠′(𝑠) for 𝑠 ∈ 𝐴(𝑠′)

0          otherwise
. 

Any inverse design P obtained in this way is 

regular.  

Note that by taking different choices for the 

sets 𝐴(𝑠′) as well as different functions 𝑓𝑠′, we will 

get different regular inverse designs. 

At the end, if 𝑷′ is finite and regular, we can 

take 𝐴′ = 𝑆′𝑝′, so, any regular inverse design P, ob-

tained by the previous discussion, is finite too. ∎ 

Proposition 4.3 For arbitrary design 𝑷′(𝐵′, 𝑆′, 𝑝′) 
there is a -inverse design 𝑷(𝐵, 𝑆, 𝑝) of 𝑷′  such that 
the function   �̃�: 𝑆𝑝 → 𝑆′𝑝′ , induced by , is a bijec-
tion. The design P is finite if and only if 𝑷′ is finite.  
Proof. We obtain such a design if for each 𝑠′ ∈ 𝑆′𝑝′ 

we choose exactly one 𝑠 ∈ −1(𝑠′) and put 𝑝𝑠′(𝑠) =
𝑝′(𝑠′) and 𝑝𝑠′(𝑡) = 0 for any other 𝑡 ∈ −1(𝑠′), 𝑡 ≠
𝑠. If 𝑷′ is finite, P is finite too, since |𝑆𝑝| = |𝑆′𝑝′|. ∎ 

With the next example we show that the last 

conclusion of the previous proposition does not hold 

for regular designs.  

Example 4.1. Let 𝐵 = {𝑏1, ⋯ ,  𝑏𝑁}, 𝑈 = 𝑈(𝐵), 
𝐵′ = {𝑏1, ⋯ ,  𝑏𝑁−1}, 𝑈′ = 𝑈′(𝐵′) and let : 𝑈𝑈′ 
be the epimorphism generated by 𝑏𝑖 ⟼ 𝑏𝑖 for 𝑖 ≤
𝑁 − 1 and 𝑏𝑁 ⟼ 𝑏𝑁−1. Let 𝑷′ = (𝐵′, 𝑆′, 𝑝′) be a 

regular design. Note that 𝑈′ is a subsemigroup of 𝑈, 

so 𝑈′𝑝′ is a subset of 𝑈. If we take 𝑈𝑝 = 𝑈′𝑝′,   

𝑝(𝑠) = 𝑝′(𝑠), for 𝑠𝑈𝑝 and 𝑝(𝑠) = 0 for 𝑠 ∉ 𝑈𝑝, 

we obtain an inverse design P of the design 𝑷′ which 

is not regular even though �̃�: 𝑈𝑝 → 𝑈′𝑝′ is a bijec-

tion. 

The validity of the next proposition is a conse-

quence of the Theorem 4.2. 

Proposition 4.4 There is a unique -inverse design 
of a given design 𝑷′ = (𝐵′, 𝑆′, 𝑝′) if and only if 
−1(𝑠′) has only one element for each 𝑠′ ∈ 𝑆′𝑝′ . If 
this condition is not satisfied, then there are infinitely 
many -inverse designs of the design 𝑷′. ∎ 
Proposition 4.5 Any -inverse design of a finite de-
sign 𝑷′ is finite if  and only if 𝜑−1(𝑠′ ) is finite for all 
𝑠′ ∈ 𝑆′𝑝′ . 
Proof. Let 𝑠′0 ∈ 𝑆′𝑝′ be such that 𝜑−1(𝑠′

0) is an in-

finite set and let 𝐴 = {𝑠1, ⋯ , 𝑠𝑛, ⋯ } ⊆ 𝜑−1(𝑠′) be 

such that for 𝑖 ≠ 𝑗, 𝑠𝑖 ≠ 𝑠𝑗 . We choose a sequence of 

positive real numbers 𝑝1, ⋯ , 𝑝𝑛, ⋯ such that 

∑ 𝑝𝑛
∞
𝑛=1 = 𝑝′(𝑠′

0). 

If P is a -inverse design of 𝑷′ such that    

𝑝(𝑠𝑖)  =  𝑝𝑖, then P is not finite since 𝐴 ⊆ 𝑆𝑝. ∎ 

For a similar characterisation of regular de-

signs as the previous property, we need to introduce 

the following notion.  

Let 𝑷 = (𝐵, 𝑆, 𝑝) be a sampling design. We 

say that a subset 𝑇 ⊆ 𝑆 is a regular subset of S if for 

each 𝑏 ∈ 𝐵, there is a 𝑡 ∈ 𝑇, such that 𝑏 ∈ 𝑡.  

The subset 𝑇 ⊆ 𝑆 is a minimal regular subset 

of S if no other proper subset of T is regular.  

If 𝑇′ is minimal regular subset of 𝑆′ such that 

𝑇′ ⊆ 𝑆′𝑝′  and 𝑇 ⊆ −1(𝑇′) is such that for each 𝑠′ ∈

𝑇′, |𝑇 ∩ −1(𝑠′)| = 1, then T is regular subset of Sp.  
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Proposition 4.6 A -inverse design of a regular de-
sign 𝑷′ = (𝐵′, 𝑆′, 𝑝′) is regular if and only if any sub-
set T of −1(𝑆′𝑝′ ) such that for each 𝑠′ ∈ 𝑆 ′

𝑝′ , |𝑇 ∩
−1(𝑠′)| = 1, is regular in S.  ∎ 
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