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On HF Circuit Models of Horizontal
Grounding Electrodes

L. Grcev, Senior Member, IEEE, and S. Grceva

Abstract—Inductance to ground in high-frequency circuit models of hor-
izontal grounding electrodes is often “erroneously” approximated by ap-
plying image theory. Two other approximate approaches that are often used
are based on a transverse electromagnetic propagation assumption and on
a homogeneous medium assumption, respectively. We compare these three
approaches with an “exact” electromagnetic approach by computing the
grounding impedance in scenarios with soil resistivity of 10–1000 Ω·m and
electrode length up to 100 m. Surprisingly, the circuit model based on the
image theory leads to better results in case of inductive behavior. This is
also confirmed by comparison with experimental results.

Index Terms—Circuit modeling, grounding electrodes, lightning, tran-
sient response, transmission line (TL) modeling.

I. INTRODUCTION

A horizontal grounding electrode fed by a high-frequency (HF) or
impulse current is traditionally simulated by a transmission line (TL)
with uniformly distributed parameters [1]. The analysis requires per-
unit-length parameters for resistance r (in ohms meter), capacitance c
(in farads per meter), and inductance l (in henries per meter), which are
usually determined by the quasi-static approximation. The resistance r
is usually calculated by [1]

r =
ρ

π

[
log

2�√
2da

− 1

]
, (� � a, d � �) (1)

where ρ (in ohms meter) is the resistivity of the earth, � (in meters)
is the electrode length, a (in meters) is the electrode radius, and d
(in meters) is the depth of burial. The formula is derived by applying
image theory yielding two equal parallel conductors separated by a
distance 2d in a homogeneous medium with resistivity ρ. Similarly,
the grounding capacitance c is computed by considering the duality
relationship between c and 1/r [1] by

c =
ρε

r
(2)

where ε is the permittivity of the soil in (in farads per meter).
Sunde [1, p. 256] proposed the approximate formula for the induc-

tance l derived for an electrode at the surface (equivalent to an electrode
in a homogeneous medium) by

l =
µ

2π

[
log

2�

a
− 1

]
(3)

where µ (in henries per meter) is the permeability of the soil. This
approximation is based on an observation that for horizontal wires at
ordinary depths, the inductances are substantially the same as for wires
at the surface [1, p. 114].
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In addition, another approximate formula for the inductance l is de-
rived from the relation based on the transverse electromagnetic (TEM)
field assumption [2] as

l =
µε

c
(4)

leading to

l =
µ

π

[
log

2�√
2da

− 1

]
. (5)

However, (4) is not valid for electrodes below ground, as it is derived
for unbounded homogenous medium [2, p. 296].

Yet another approximate approach is based on an analysis where
the buried electrode is assumed to have a positive mirror image, e.g.,
King [3], leading to

l =
µ

2π

[
log

2�√
2da

− 1

]
. (6)

However, Wait [4] has shown that the image theory does not ade-
quately represent the magnetic field of horizontal grounding electrodes.

Nevertheless, all approaches, i.e., using (3), (5), and (6), have been
used and compared with experimental results with fair agreement by a
number of authors, e.g., (3) in [5] and [6], (5) in [7] and [8], and (6)
in [9] and [10].

To examine the practical importance of the differences in these
approaches, we compare their results with an exact analytical model
based on electromagnetic (EM) theory [11] for a practical range of
parameters and with experimental results. In these comparisons, we do
not take into account effects of soil ionization. The application of the
model for such effects is discussed, for example, in [7]–[10].

II. COMPARISON OF RESULTS

One of the most important properties in the HF analysis of grounding
electrodes is the harmonic impedance to ground Z . It can be computed
as the input impedance of an open TL in the frequency domain [12] as

Z = Z0 coth γ� (7a)

Z0 =

√
jωl

(1/r + jωc)
γ =

√
jωl

(1
r

+ jωc
)
. (7b)

The most accurate approach to this problem is based on the solution
of Maxwell’s equations for the given boundary conditions, for example,
by the EM model [11]. Olsen and Willis [13, p. 1081] have established
this approach, i.e., the integral equation approach involving Sommer-
feld’s solution solved by the method of moments, as an “exact” solution
to this problem and as a “gold standard” for comparison.

Figs. 1 and 2 show simulation results of the modulus of Z (7a) of
10-m- and 100-m-long horizontal electrodes, respectively, by the EM
model [11] designated by “EM,” the TL model using (3) designated by
“TL,” the TL model using (5) designated by “TL (TEM),” and the TL
model using (6) designated by “TL (image).” The radius of electrodes
is 7 mm, the depth of burial is 0.8 m, and the relative permittivity of
the earth is 10.

Figs. 1 and 2 show typical frequency-independent behavior in the
low-frequency range, where Z ≈ R (here R is a DC resistance to
ground). At higher frequencies, higher than a certain switch frequency
FC , the behavior is either dominantly inductive, for which |Z | > R,
or dominantly capacitive, for which |Z | < R. Resonant behavior is
also typical in the case of the capacitive performance (see Fig. 1, ρ =
1000 Ω·m).

0018-9375/$26.00 © 2009 IEEE
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Fig. 1. Harmonic impedance of a 10-m-long horizontal grounding electrode.

Fig. 2. Harmonic impedance of a 100-m-long horizontal grounding electrode.

It is evident from Figs. 1 and 2 that the computed characteristic
frequencies, i.e., the FC and resonant frequencies, from the TL (TEM)
and TL (image) models are not consistent with the EM model. On the
other hand, the values of the characteristic frequencies from the TL and
EM models are in fair agreement.

In case of inductive behavior, the values of |Z | from all the TL
models and the EM model mutually diverge in the HF range. However,
the results from the TL (image) model agree somewhat better with the
EM model in comparison to the other TL models throughout the HF
ranges considered in Figs. 1 and 2. This unexpected result can be linked
to the larger value of FC , and consequently, to smaller values of |Z | at
higher frequencies computed from the TL (image) in comparison to the
other TL models. In addition, we also note an important irregularity
in the TL (image) model, which results in smaller values of |Z | in
comparison to the EM model in a limited frequency range above FC .
However, this irregularity may also contribute to better results in time
domain, as illustrated in the case in Fig. 3.

On the other hand, in case of capacitive behavior, the TL model
(3) generates more accurate results than both the TL (TEM) and TL
(image) models in HF range.

To illustrate the possible consequences of the model differences in
the time domain, we show in Fig. 3 the measured voltage to ground
at the endpoint of an 8-m-long horizontal electrode where fast rise
time current pulse is injected [14]. Such a fast rise time pulse, with
a zero-to-peak time of about 0.2 µs, has a large HF content, which is
important for testing HF inductive behavior. The time-domain response
is computed by the inverse Fourier transform method [11].

The behavior in Fig. 3 is inductive, characterized by a large voltage
peak that leads the current pulse. The voltage peak value is best esti-
mated by the EM model. The TL (image) model (6) leads to a better
estimate than TL model (3) or TL (TEM) model (5). However, the TL

Fig. 3. Comparison with measurements by Electricity de France [14] (� =
8 m, a = 6 mm, d = 0.8 m, ρ = 65 Ω·m, and εr = 15).

(image) model unexpectedly generates smaller voltage peak value than
the EM model. This effect strongly depends on the parameter values.
More specifically, it is a result of a circumstance that the frequency
content of the rising portion of the current pulse, which dominantly
determines the voltage peak value, overlaps with the frequency range
just above FC where the TL (image) model generates smaller values
of |Z | than the EM model.

The analyzed cases illustrate that there exist circumstances when
the results from the “erroneous” TL (image) model using (6) might
be more consistent with the EM model than the other considered TL
models (such as in the case of inductive behavior), and also when this
is not the case (such as in the case of capacitive behavior).
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Addition to “DC Internal Inductance for a Conductor of
Rectangular Cross Section”

Ronald De Smedt

Abstract—The dc internal inductance of a conductor of elliptical cross
section is used as a starting point to deduce, from numerically obtained re-
sults, approximate expressions for a conductor of rectangular cross section
that are valid for any width and thickness.

Index Terms—Inductance.

I. INTRODUCTION

In the above paper [1], the dc internal inductance of a conductor
of rectangular cross section was derived and calculated numerically.
Among others, the results were fit to a polynomial expression as a
function of the width w and thickness t of the rectangle. In this cor-
respondence, we use the analytical result of an elliptical cross section
as a starting point to deduce approximate expressions for a rectangular
cross section that are now valid for any width and thickness.

II. ELLIPTICAL CROSS SECTION

We start with the case of a conductor of elliptical cross section with
semiaxes a and b. Due to its special shape, an analytical expression
of the dc internal inductance (per unit length) can be derived (see the
Appendix)

Li

�
=

µ

8π

4ab

(a + b)2 =
µ

8π

4ab

a2 + 2ab + b2 . (1)

From (1), we can immediately derive the expressions for a circular
wire (a = b) and for a thin ellipse (a � b), respectively

Li

�
=

µ

8π
× 1 (a = b)

≈ µ

8π
× 4b

a
(a � b). (2)

The asymptotic behavior of a thin ellipse—in particular, being pro-
portional to the ratio of the smallest to the largest dimension—confirms
a similar behavior found for a thin rectangle in [1, eq. (25)].

III. RECTANGULAR CROSS SECTION

Next, we consider the case of a conductor of rectangular cross section
of width w and thickness t. In [1], it has been well elaborated how the dc
internal inductance is derived and has to be calculated numerically. Use
of careful and high-precision numerical quadrature allows obtaining a
relative error of about 10−5 . For the further derivation and assessment
of the approximated expressions (4) and (5), we have generated 301 val-
ues, logarithmically spread in the range t/w = 1, . . . , 10−6 . In Table I,
we present an excerpt of these results.

Manuscript received June 11, 2009; revised June 23, 2009. First published
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TABLE I
NUMERICAL VALUES OF Li/� NORMALIZED TO µ/8π

First, we focus on two limiting cases: the square (w = t) (from
Table I) and the thin rectangle (w � t) (from [1, eq. (25)])

Li

�
=

µ

8π
× 0.96639 (w = t)

≈ µ

8π
× 4π

3
t

w
=

µ

8π
× 4.1887902

t

w
(w � t). (3)

Compared to the elliptical configuration (2), we immediately note the
similarity in the results. It also follows that the square has a somewhat
lower inductance than the circle, and that the thin rectangle has a
slightly larger inductance than a thin ellipse of the same ratio.

The similarity between the results of the ellipse and the rectangle
now motivates us to propose a modification of the general expression
(1) of the ellipse. We modify the coefficients “4” and “2” in (1) by
forcing the value for a square and the behavior for thin rectangles, as
given in (3), to arrive at

Li

�
∼=

µ

8π

4.1888 wt

w2 + 2.3345 wt + t2 . (4)

Although only matched to the value of a square and the asymptotic
behavior for thin shapes, the relative error of (4) with respect to numer-
ical results (from which Table I is an excerpt) is less than 3.6% for any
value of the width w and the thickness t.

We can further extend the expression (4) by adding new terms,
while preserving both the necessary symmetry (so that w and t can be
interchanged) and the behavior for thin rectangles

Li

�
∼=

µ

8π

4.1888 w3 t + 51.906 w2 t2 + 4.1888 wt3

w4 + 16.09 w3 t + 28.2 w2 t2 + 16.09 wt3 + t4 . (5)

As in (4), two of the four degrees of freedom in (5) have been used
to satisfy the limiting cases (3) exactly. The two remaining coefficients
have been determined by minimizing the relative error for intermediate
values of w and t at 301 values in the range w/t = 1, . . . , 10−6 , which
were obtained numerically (also see Table I). Compared to these results,
the relative error of (5) is now less than 0.34% for any value of the width
w and the thickness t. Further extensions of (5) with still higher powers
of w and t are possible but do not give rise to substantial improvements.

The new expressions (4) and (5) have the advantage of being valid
for the whole range of values of the width w and the thickness t,
including the asymptotic behavior for thin shapes (w � t and w � t).

APPENDIX

INTERNAL INDUCTANCE OF AN ELLIPSE

To find an analytical solution for the dc magnetic field of a conductor
of elliptical cross section that carries a constant current density, we
make use of the elliptic cylinder coordinates [2]{

x = c cosh η cos ϕ

y = c sinh η sin ϕ
with

{
0 ≤ η < ∞
0 ≤ ϕ ≤ 2π

(6)

where c =
√

a2 − b2 is the semifocal distance. The boundary of the
ellipse is described by the constant η = η0 . The major and minor
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