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Image and Exact Models of a Vertical Wire
Penetrating a Two-Layered Earth

Vesna Arnautovski-Toseva, Member, IEEE, and Leonid Grcev, Senior Member, IEEE

Abstract—In this paper, we investigate the validity of image the-
ory in modeling a vertical wire penetrating a uniform or two-
layered earth. First, a rigorous full-wave electromagnetic model
is described that may be used as a standard for comparison. The
model is based on the method of moments (MoM) and exact Green
functions for the layered earth that involve Sommerfeld-type inte-
grals. Next, we derive the image model from the exact model and
analyze the approximations. We compare the current along a verti-
cal wire as computed by the MoM using the exact Green functions,
with the current computed using the image Green functions. The
image model is accurate at dc, and the error is generally low at low
frequencies but rises at high frequencies. We show that the image
model leads to smaller errors when the wire is embedded in one
layer. However, the error is larger in cases of penetration through
different layers. We also show a strong dependence of the error on
the resonant frequencies.

Index Terms—Antennas, electromagnetic analysis, frequency
domain analysis, Green functions, grounding, modeling, nonho-
mogeneous media.

I. INTRODUCTION

THE METHOD of images can be considered as a special
case of the general electromagnetic equivalence theorem.

In electrostatics, the validity of the image theory is firmly es-
tablished because the boundary conditions are exactly met [1].
However, this is not generally the case in different variants of the
method that are often used in electrodynamics. They are usually
based on different approximate theories, although an exact im-
age theory has also been introduced [2]. However, more accurate
image theories commonly lead to more complicated numerical
solutions that can hamper their practical applicability [3].

A fundamental application of the image method is to find
image sources that can be defined as equivalent sources that
replace physical structures, such as regions with different media.
It is not a surprise that the image method is most often used to
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model the effects of the earth. Because the simplicity of the
model is important for engineering analysis, simple images that
can replace complex earth structures are often sought.

A simple model of the earth that enables an exact represen-
tation with images is a perfectly conducting earth with a planar
surface (e.g., [4]). However, such a model generally cannot be
used, e.g., in studies of grounding. The most usual model of the
earth is a uniform or planar-layered lossy half-space. The images
that replace such earth models are often extracted from electro-
statics, where the image theory is exactly valid for dielectric
layered media [5]. Due to the similarity between electrostatic
and steady-current fields, the image theory is also valid for time-
invariant point current sources in layered conducting media [6].
This is a well-known basis for the dc grounding analysis that is
also approximately applied at 50/60 Hz [7].

The high frequency and transient performance of grounding
systems have also been investigated in the last few decades.
Different strategies for modeling have been developed ranging
from simplified approaches based on circuit theory, with either
lumped (e.g., [8], [9]) or distributed (e.g., [10], [11]) parameters,
to rigorous approaches based on electromagnetic theory (e.g.,
[12], [13]). (A large body of literature is devoted to this subject;
here, we mention only a few examples. The reader is referred
to the reference sections of earlier papers by Grcev ([14], [15])
for useful information on recent work in this field.)

Importantly, effects of the earth’s surface in the evaluation of
the equivalent circuit parameters (both lumped and distributed)
are usually determined by the static image theory (e.g., [9], [11]).
On the other hand, the rigorous treatment of the air–earth in-
terface in electromagnetic models ([12], [13]) is based on the
exact solution for the field of a Hertz dipole near a conducting
half-space that was first derived by Sommerfeld [16] and later
summarized in the reference book by Banos [17]. However,
this approach involves the time-consuming numerical integra-
tion of oscillatory and slowly convergent complex Sommerfeld
integrals.

To circumvent this problem, recent modifications of the elec-
tromagnetic model have employed a simple variant of the im-
age method based on the quasi-static image approximation of
time-harmonic point current sources in lossy planar-layered me-
dia [6]. The method was used by Takashima et al. [18] for the
high-frequency modeling of grounding electrodes; however, it
has been shown in [19] that such modeling is limited to low
frequencies. The method was later extended to high frequencies
by Grcev [20] who used the same quasi-static reflection and
refraction coefficients with a rigorous solution of the electro-
magnetic fields. More recently, this method has also been used
for above-ground sources [21]. The simulation results of this

0018-9375/$26.00 © 2011 IEEE
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approach have been successfully compared with available ex-
perimental data (e.g., [14], [20]), but only for buried conductors.
Nevertheless, the validity domain of this approximate approach
has never been analyzed in detail.

The objective of this paper is to investigate the validity of the
image method applied to a vertical wire that is above, below, or
penetrates a uniform or a two-layered earth. We consider only
the simplest implementation of the image method. In this pa-
per, we do not consider comparisons with more complex image
models, such as discrete complex image models (e.g., [22]).

First, a full-wave rigorous electromagnetic model is described
that may be used as a standard for comparison. Recently, such
a model has been introduced by the authors for horizontal
wires [23], and in this paper, we extend the model to verti-
cal conductors. The model is based on the method of moments
(MoM) [24] and exact Green functions for the two-layered earth.
Next, we derive the image model from the rigorous model and
identify the approximations introduced in the development. Fi-
nally, we compare the current along a vertical wire as computed
by the MoM using the exact Green functions, with the current
computed using the image Green functions for a range of fre-
quencies from 10 kHz to 100 MHz.

To validate the proposed exact model, we compare our com-
putation results with those by the other authors’ models and
commercial software, and we conclude that a fairly good agree-
ment exists.

II. EXACT MODEL

The analysis of electromagnetic fields and waves in strat-
ified media has recently attracted much attention in different
areas of research. The exact solution [16], [17], has been ex-
tended to arbitrary planar stratified media and has been used as
an approximation in a myriad of practical applications (e.g., in
above-ground and subsurface communications, radar, geophys-
ical prospecting, bioelectromagnetics, microstrip circuits, and
antennas) [26]–[32]. More recently, the research has focused on
microstrip patch antennas, printed circuit boards, and monolithic
microwave/millimeter-wave integrated circuits [33]–[36]. How-
ever, the majority of the research is related to dielectric media,
where the problems in the numerical solution are considerably
less involved than those for conductive media [23].

The details of the exact model for conductors in two-layered
conductive media may be found in various places in the litera-
ture, e.g., [33]–[36]. Here, we briefly summarize the main steps
in the development of the proposed model.

A. Mixed Potential Integral Equation and the MoM

The coordinate system is illustrated in Fig. 1. The interface
between the air and the two-layered earth is the plane z = 0,
with the positive z-direction upward into the air. The layers are
denoted by 0 for the air, 1 for the earth’s upper layer of finite
depth d, and 2 for the earth’s lower semi-infinite layer. The lay-
ers are characterized by corresponding values of permittivity
εm and conductivity σm , m = 0, 1, 2, with σ0 = 0. The per-
meability of the vacuum is assumed in all of the layers, i.e.,
μm = μ0 , m = 0, 1, 2. We consider a vertical wire of length �

Fig. 1. Illustration of the coordinate system.

along the z-axis of the coordinate system that penetrates the pla-
nar three-layered medium. The wire excitation is provided by a
harmonic voltage source. (The time variation ejωt is assumed
and suppressed.)

By assuming the thin-wire approximation and applying ap-
propriate boundary conditions for the electric field on the surface
of the wire, the following well-known mixed potential integral
equation can be derived [33], [35]:

Ez = −jω

∫
�

GAI(z′)dz′ +
1
jω

d

dz

∫
�

GV
dI(z′)
dz′

dz′ (1)

where I (z′) is the unknown current along the axis of the wire.
Here, GA and GV are the magnetic vector and electric scalar
potential Green functions, respectively. In addition, j =

√
−1

and ω is the angular frequency. The right-hand side of (1) repre-
sents the tangential electric field due to all induced currents, and
the left-hand side of (1) denotes the excitation by the impressed
tangential electric field.

Equation (1) can be solved numerically by applying the MoM
[24], which enables the reduction of (1) to a matrix equation

[Z] · [I] = [V ] . (2)

First, it is assumed that the wire is divided into a number of fic-
titious short subsections that are connected. Next, the unknown
current is approximated by a sequence of N expansion functions
over the subsections. Here, we use roof-top functions Ti , which
results in a piecewise linear approximation of the current. The
boundary conditions regarding the tangential component of the
electric field at the wire surface are satisfied approximately in
an average (weighted) way. In a procedure that is referred to as
the Galerkin method, we choose the weighting function to be
the same roof-top functions Tj as the expansion functions [37].
The elements of the column matrix [I] in (2) are complex num-
bers that represent the amplitudes of the corresponding current
expansion functions, and the elements of [V ] in (2) are related
to the excitation of the wire. The elements of the generalized
impedance matrix [Z] in (2) describe the electromagnetic inter-
actions between subsections

zij = jω

∫
�j

Tj dz

∫
�i

GATidz′

+
1
jω

∫
�j

dTj

dz
dz

∫
�i

GV
dTi

dz′
dz′. (3)

A voltage source that energizes the wire can be approximately
represented by an element of [V ] in (2) [38].

To evaluate (3), it is necessary to determine GA and GV .
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B. Green Functions in the Spectral Domain

By following the method described in [33]–[36], we first
derive the Green functions in the spectral domain. In Fig. 1,
we consider a Hertzian vertical electric dipole (VED) of unit
strength (Idz = 1Am) that is located at (0, 0, z′), and pointed
in the z-direction. The field is observed in P at (x, y, z). The
regions where the VED and P are located are denoted by m and
n, respectively, where m, n = 0, 1, 2.

Here, we present the expressions of the Green functions only
for two characteristic cases: first, when both the VED and P
are in the upper earth layer, i.e., when m = n = 1, and second,
when the VED is in region m = 1 and P is in region n = 0. The
Green functions in other cases can be similarly determined.

1) VED and P in Region 1: Spectral expressions for the mag-
netic vector potential Green function G̃11

A and the electric scalar
potential Green function G̃11

V can be written in the following
form:

G̃11
A = (G̃11

A )d + (G̃11
A )r (4)

G̃11
V = (G̃11

V )d + (G̃11
V )r (5)

where

(G̃11
A )d =

μ0

2
e−jkz 1 |z−z ′|

jkz1

(G̃11
A )r =

μ0

2

[
A

ejkz 1 |z |

jkz1
+ B

e−jkz 1 |z |

jkz1

]
(6)

(G̃11
V )d =

1
2ε1

e−jkz 1 |z−z ′|

jkz1
,

(G̃11
V )r =

1
2ε1

[
C

ejkz 1 |z |

jkz1
+ D

e−jkz 1 |z |

jkz1

]
(7)

kz1 =
√

k2
1 − k2

ρ , kρ =
√

k2
x + k2

y

k1 = ω
√

μ0ε1 , ε1 = ε1 − jσ1/ω.

Here,

A = e−jkz 1 dR12M
[
e−jkz 1 (d−|z ′|) + R10e

−jkz 1 (d+ |z ′|)
]

B = R10M
[
e−jkz 1 |z ′| + R12e

−jkz 1 (2d−|z ′|)
]

C = e−jkz 1 dR12M
[
−e−jkz 1 (d−|z ′|) + R10e

−jkz 1 (d+ |z ′|)
]

D = R10M
[
−e−jkz 1 |z ′| + R12e

−jkz 1 (2d−|z ′|)
]

(8)

M =
(
1 − R10R12e

−jkz 1 2d
)−1

(9)

where Rmn are the Fresnel reflection coefficients [31]

R10 =
ε0kz1 − ε1kz0

ε0kz1 + ε1kz0
, R12 =

ε2kz1 − ε1kz2

ε2kz1 + ε1kz2
. (10)

In (4)–(7), the terms (G̃)d are the Green functions of the VED in
an unbounded medium with the characteristics of the field ob-
servation region (here, n = 1). Also, the terms (G̃)r correspond
to the upward and downward waves that are reflected from the
interfaces.

In the case of a homogeneous earth, the coefficient R12 = 0,
which leads to a simplification of the reflection terms in (6) and
(7)

(G̃11
A )r =

μ0

2
R10

e−jkz 1 |z+z ′|

jkz1
and

(G̃11
V )r =

−1
2ε1

R10
e−jkz 1 |z+z ′|

jkz1
. (11)

2) VED in Region 1 and P in Region 0: If the VED is in
region 1 and the field observation point P is in region 0, G̃10

A

and G̃10
V can be written in the following form:

G̃10
A =

μ0

2
T10Me−jkz 0 z

[
e−jkz 1 |z ′|

jkz1
+ R12

e−jkz 1 (2d−|z ′|)

jkz1

]
(12)

G̃10
V =

1
2ε0

MT10
kz0

kz1
e−jkz 0 z

[
e−jkz 1 |z ′|

jkz1
− R12

e−jkz 1 (2d−|z ′ |)

jkz1

]

(13)

where Tmn are the Fresnel transmission coefficients [31]

T10 = 1 + R10 , T12 = 1 + R12 . (14)

In the case of a homogeneous earth, the coefficient T12 = 0,
which leads to a simplification of the expressions (12) and (13)

G̃10
A =

μ0

2
T10e

−jkz 0 z e−jkz 1 |z ′|

jkz1

and G̃10
V =

1
2ε0

T10
kz0

kz1
e−jkz 0 z e−jkz 1 |z ′|

jkz1
. (15)

C. Green Functions in the Spatial Domain

The spatial expressions for Gmn
A and Gmn

V can be determined
by means of the 2-D inverse Fourier transform of their spectral
pairs, G̃mn

A and G̃mn
V , respectively, which leads to the well-

known Sommerfeld integral [35]

Gmn
A,V = S0

{
G̃mn

A,V

}
=

1
2π

∞∫

0

G̃mn
A,V J0(kρρ)kρdkρ (16)

where J0(kρρ) is a zero-order Bessel function of the first kind,
and ρ =

√
x2 + y2 is the radial distance between the VED and

field evaluation point.
Here, we present the spatial expressions of the Green func-

tions that correspond to the case when both the VED and the
field point are in the region m = n = 1

G11
A = S0

{
(G̃11

A )d

}
+ S0

{
(G̃11

A )r

}
(17)

G11
V = S0

{
(G̃11

V )d

}
+ S0

{
(G̃11

V )r

}
. (18)

The first terms in (17) and (18), i.e., S0{(G̃11
A )d} and

S0{(G̃11
V )d}, respectively, have closed-form solutions

S0{(G̃11
A )d} = (G11

A )d =
μ0

4π
g1

d (19)
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S0{(G̃11
V )d} = (G11

V )d =
1

4πε1
g1

d (20)

g1
d =

e−jk1 r

r
, r =

√
ρ2 + |z − z′|2 .

Here, g1
d in (19) and (20) are related to a spherical wave due

to VED in an unbounded medium with characteristics of the
region n = 1, i.e., with propagation wavenumber k1 .

However, the second terms in (17) and (18) have no analytical
solutions. It is also the case with G10

A and G10
V when the VED

is in region m = 1 and the field observation point is in region
n = 0 that

G10
A = S0

{
G̃10

A

}
and G10

V = S0

{
G̃10

V

}
. (21)

We determined the second terms in (17) and (18), as well as the
expressions in (21), by direct numerical integration in a similar
way to the approach used by Burke and Miller [25].

III. IMAGE MODEL

Similarly, as in the previous section, we present the image
Green functions only for the characteristic cases: first, when
both the VED and P are in the upper earth layer, i.e., when
m = n = 1; and second, when the VED is in region m = 1 and
P is in region n = 0. The image Green functions in other cases
can be similarly determined.

1) VED and P in Region 1: The image model is accurate for
dc Hertz dipoles [40]. We look for an approximate solution valid
at low frequencies. If ω → 0 and k0 → 0, then kz0 ≈ kz1 ≈ kz2
in the spectral domain because k2

ρ >> k2
n for n = 0, 1, 2. By

substitution in (10), we come to the following low-frequency
approximation of the reflection coefficients:

Rmn → −RQS
mn = −εm − εn

εm + εn

. (22)

This leads to key simplifications because RQS
mn is a constant in

the spectral domain and can be extracted from the integrals,
which enables the derivation of closed-form solutions of the in-
tegrals. Notably, RQS

mn is equivalent to the quasi-static reflection
coefficient applied in [18].

Next, we substitute (22) into (8), which allows one to rewrite
and expand the term M in the following series [26]:

M→
(
1−RQS

10 RQS
12 e−jkz 1 2d

)−1
≈

∞∑
p=0

(RQS
10 RQS

12 )pe−jkz 1 2dp .

(23)
This approximation enables the transformation of (8) by

A ≈ −RQS
12

[
e−jkz 1 (2d−|z ′ |) − RQS

10 e−jkz 1 (2d+ |z ′|)
]

×
∞∑

p=0

(RQS
10 RQS

12 )pe−jkz 1 2dp

B ≈ −RQS
10

[
e−jkz 1 |z ′| − RQS

12 e−jkz 1 (2d−|z ′|)
]

×
∞∑

p=0

(RQS
10 RQS

12 )pe−jkz 1 2dp

C ≈ RQS
12

[
e−jkz 1 (2d−|z ′|) + RQS

10 e−jkz 1 (2d+ |z ′|)
]

×
∞∑

p=0

(RQS
10 RQS

12 )pe−jkz 1 2dp

D ≈ RQS
10

[
e−jkz 1 |z ′ | + RQS

12 e−jkz 1 (2d−|z ′ |)
]

×
∞∑

p=0

(RQS
10 RQS

12 )pe−jkz 1 2dp . (24)

Next, we substitute (24) into (17), by which S0{(G̃11
A )r} in

(17) may be rewritten as

S0{(G̃11
A )r}→

μ0

2

[
−RQS

12

∞∑
p=1

(RQS
12 RQS

10 )p−1S0

{
e−jkz 1 h1 p

jkz1

}

+
∞∑

p=1

(RQS
12 RQS

10 )pS0

{
e−jkz 1 h2 p

jkz1

}

− RQS
10 S0

{
e−jkz 1 |z+z ′|

jkz1

}

− RQS
10

∞∑
p=1

(RQS
12 RQS

10 )pS0

{
e−jkz 1 h3 p

jkz1

}

+
∞∑

p=1

(RQS
12 RQS

10 )pS0

{
e−jkz 1 h4 p

jkz1

}]

h1p = 2pd − |z′| + z, h2p = 2pd + |z′| + z

h3p = 2pd + |z′| − z, h4p = 2pd − |z′| − z. (25)

The Sommerfeld integrals in (25) have the closed-form solutions

S0

{
e−jkz 1 hl p

jkz1

}
=

1
2π

∞∫

0

e−jkz 1 hl p

jkz1
J0(kρρ)kρdkρ =

1
2π

g1
lp

g1
lp =

e−jk1 rl p

rlp
, rlp =

√
ρ2 + h2

lp , l = 1, 2, 3, 4. (26)

Each of the g1
lp terms is related to the field of an image source.

Finally, we obtain the following image approximation of (17):

G11
A ≈ μ0

4π

{
g1

d − RQS
10 g1

0

+
∞∑

p=1

(RQS
10 RQS

12 )p

[
− 1

RQS
10

g1
1p + g1

2p − RQS
10 g1

3p + g1
4p

]}

(27)

g1
0 =

e−jk1 r0

r0
, r0 =

√
ρ2 + (z + z′)2

where g1
d is given in (19) and g1

lp is given in (26).
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Fig. 2 Image positions when both the VED and field evaluation point P are in
the same layer. (a) VED and zeroth image. (b) Group of four images.

Similarly, we obtain the image approximation of (18)

G11
V ≈ 1

4πε1

{
g1

d + RQS
10 g1

0

+
∞∑

p=1

(RQS
10 RQS

12 )p

[
1

RQS
10

g1
1p + g1

2p + g1
3p + RQS

10 g1
4p

]}
.

(28)

The image representations in (27) and (28) are illustrated in
Fig. 2. The first two terms in brackets in (27) and (28) are re-
lated to the original VED (g1

d ) and the zeroth image (g1
0 ), respec-

tively, which are illustrated in Fig. 2(a). The terms within the
sum in (27) and (28) (g1

lp , l = 1, 2, 3, 4 , p = 1, 2, . . . ,∞)
are related to the set of four images of the pth series that are
obtained with respect to both boundaries, as shown in Fig. 2(b).
Therefore, the layered media are replaced by a homogeneous
medium with the characteristics of layer 1 and an infinite se-
ries of image sources positioned along the positive and negative
sides of the z-axis.

In the case of a homogeneous earth, the coefficient RQS
12 = 0

and image expressions (27) and (28) are simplified as

G11
A ≈ μ0

4π

{
g1

d − RQS
10 g1

0

}
, G11

V ≈ 1
4πε1

{
g1

d + RQS
10 g1

0

}
.

(29)
The images that replace the homogenous earth are illustrated
only in Fig. 2(a).

2) VED in Region 1 and P in Region 0: As a consequence
of the approximation in (22), it follows that the transmission
coefficients (14) are approximated by

Tmn → TQS
mn =

2εn

εn + εm

= 1 − RQS
mn . (30)

Substituting (22) and (30) into (12) leads to the following ap-
proximation of G10

A :

G10
A → μ0

2
TQS

10

∞∑
p=0

(RQS
10 RQS

12 )p

×
[
S0

{
e−jkz 0 h1 p

jkz0

}
+ RQS

12 S0

{
e−jkz 2 h2 p

jkz0

}]
. (31)

Fig. 3. Image positions when the VED is in region 1 and the field evaluation
point P is in region 0. (a) Modified VED. (b) Group of two images.

The Sommerfeld integrals in (31) have the closed-form solutions
given in (26) that lead to the following image approximation:

G10
A ≈ μ0

4π

×
{

TQS
10 g0

d +TQS
10

∞∑
p=1

(RQS
10 RQS

12 )p

[
g0

1p −
1

RQS
10

g0
2p

]}
.

(32)

Similarly, we obtain the image approximation of G10
V :

G10
V ≈ 1

4πε0

×
{

TQS
10 g0

d +TQS
10

∞∑
p=1

(RQS
10 RQS

12 )p

[
g0

1p +
1

RQS
10

g0
2p

]}
.

(33)

The images in (32) and (33) are illustrated in Fig. 3. The first
term in brackets in (32) and (33) is related to the original VED
(g0

d ), as shown in Fig. 3(a). The terms within the sum in (32) and
(33) (g0

lp , l = 1, 2, p = 1, 2, . . . ,∞) are related to the set of
two images of the pth series that are obtained with respect to
both boundaries, as shown in Fig. 2(b). Notably, the position of
the images in Fig. 3(b) is the same as the corresponding images
in Fig. 2(b) (denoted by p = 1, 2). Therefore, in this case, the
layered media are replaced by a homogeneous medium with the
characteristics of layer 0 (the layer where the field observation
point P is positioned) with an infinite series of image sources
positioned along the negative side of the z-axis.

In the case of a homogeneous earth, the coefficient RQS
12 = 0

and image expressions (32) and (33) are simplified by

G10
A =

μ0

4π
TQS

10 g0
d , G10

V =
1

4πε0
TQS

10 g0
d . (34)

This case is illustrated in Fig. 3(a).
Finally, if we assume ω = 0, we obtain RQS

10 → 1 and
e−jkn r → 1, and expressions (27) and (28), and (32) and (33)
reduce to static images [40].

IV. VALIDATION OF THE EXACT MODEL

First, in Fig. 4, we compare the proposed exact model results
with data published in [25]. The test case is a quarter-wave
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Fig. 4. Comparison of the proposed exact model with that of Burke and
Miller [25].

Fig. 5. Comparison of the proposed exact model with FEKO [39]. Case 1:
σ1 /σ2 = 0.01 S/m/0.001 S/m. Case 2: σ1/σ2 = 0.01 S/m/0.1 S/m.

antenna that penetrates a uniform earth. The length of the aerial
part is 0.25 m with a ground stake of 0.3 m and a radius of
0.25 mm. A harmonic voltage excitation with an rms amplitude
of 1 V was assumed at z = 0. The calculations are performed
at 300 MHz (which corresponds to a 1-m wavelength in air).
The conductivity of the earth is σ = 0.267 S/m, and the relative
dielectric constant is set to 16 to match ε = (16 − j16), [25,
Fig. 3]. The computed results are consistent with those published
in [25].

Next, in Fig. 5, we compare the exact model results for the
two-layered earth model with the results from the commercial
electromagnetic simulation software FEKO, which also uses an
MoM-based full-wave solution of Maxwell’s integral equations
in the frequency domain with special Green functions for pla-
nar multilayered media [39]. The chosen test case is a vertical
antenna with a 10-m-long aerial part that extends 10 m into the
two-layered earth. The depth of the upper earth layer is 1 m. The
presented comparison considers two cases: the conductivity of
the upper earth layer is the same in both cases (σ1 = 0.01 S/m),
while those of the lower layer in the first and second cases is
σ2 = 0.001 and 0.1 S/m, respectively (see Fig. 5). The relative
permittivity of all earth layers is 10. A voltage source of 1 V is
placed at 9.5 m above the ground. The results that were com-
puted with the proposed exact model are consistent with those
computed by FEKO [39].

Fig. 6. Geometries of the test cases for the comparison studies.

TABLE I
EARTH PARAMETERS OF THE TEST CASES

V. COMPARISON OF THE IMAGE AND EXACT MODELS

A. Computation Test Cases

The geometry of the test cases is illustrated in Fig. 6. The
wire is constructed of copper, and in all cases in Fig. 6, 10 m of
the wire is in the air and 10 m is in the ground. (The total length
of the wire in the case in Fig. 6(a) is 20 m.) The wire touches the
surface of the earth in the cases in Fig. 6(a) and (b). The radius
of the wire is 0.7 cm.

A harmonic voltage excitation of 1 V is assumed in a fre-
quency range from 10 kHz to 100 MHz. The positions of the
voltage source are the following: case (a), at the surface of the
earth (z = 0); case (b), at (z = 0.25 m); and case (c), at (z =
−0.25 m).

Four distinct sets of earth parameters are considered, as given
in Table I. In all cases, the relative permittivity of the earth is
10.

To compare the image and exact models, we computed the
following scalar parameter, which is referred to as the normal-
ized rms error [41]:

(εS )rms =

[∑N
k=1 |IEk − IIk |2∑N

k=1 |IEk |2

] 1
2

× 100 (%) (35)

where IEk and IIk , k = 1, 2, . . . , N , are the phasors of the
current samples along the segments of the wire as computed
by the MoM when using the exact and image Green functions,
respectively, and N is the number of segments.

B. Wire Penetrates Earth

Figs. 7 and 8 show the rms error (εS )rms (35) of the current
along a wire that penetrates the earth as computed by the image
model with the exact model as a reference. The results in Fig. 7
are for a uniform earth and, in Fig. 8, for a two-layered earth. We
see that the image model is a low-frequency approximation that
leads to errors in the currents smaller than 1% at frequencies
smaller than 10 kHz, but the error increases with the frequency
and becomes about 10% to 15% at frequencies near 10 MHz.
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Fig. 7. Error in the current along a wire penetrating the earth as computed
by the image model. The geometry is given in Fig. 6(a). The uniform earth
parameters are given in Table I.

Fig. 8. Error in the current along a wire penetrating the earth computed by
the image model. The geometry is given in Fig. 6(a). The two-layered earth
parameters are given in Table I.

Fig. 9. Error in the current along a wire above the earth as computed by the
image model. The geometry is given in Fig. 6(b). The earth parameters are given
in Table I.

In this frequency range, the error depends on the earth’s con-
ductivity and is smaller for a less conductive earth. However, at
frequencies above approximately 10 MHz, the error is strongly
dependent on the resonances. The values of the error oscillate
between minima of a few percent to maxima on the order of
ten times higher (see Figs. 7 and 8). In this high-frequency
range, the influence of the characteristics of the earth is not
large, and all the error curves in Figs. 8 and 9 follow a similar
pattern.

Fig. 10. Error in the current along a wire below the earth as computed by the
image model. The geometry is given in Fig. 6(c). The earth parameters are given
in Table I.

C. Wire Above the Earth

Fig. 9 shows the rms error (εS )rms (35) of the current along a
wire that is completely in the air. In this case, in which there is
no penetration of the wire through the earth surface, the error is
smaller than in the case described in the previous section. The
values of the error are less than 1% up to frequencies of about
1 MHz, and the maximal values of the error are within a limit
of about 10%, even at resonant frequencies up to 100 MHz, as
shown in Fig. 9.

D. Wire Buried in Earth

Fig. 10 shows the rms error (εS )rms (35) of the current along
a wire that is completely buried in the earth. In this case, we
can distinguish two scenarios: first, when the wire is buried in
the uniform earth and, second, when it is buried in the layered
earth. The error is small (less than about 2%) throughout the
entire frequency range (up to 100 MHz) when the wire is buried
in the uniform earth, i.e., when there is no penetration through
different media.

However, in the case of a buried wire that penetrates different
earth layers, the values of the error are larger both at low and high
frequencies, with maxima at resonant frequencies approaching
up to 25%, as shown in Fig. 10.

In the case (not shown here) where a wire (2.5 m long) is
embedded in the upper layer, i.e., when there is no penetration
through different media, the values of the error are particularly
small (less than 1%) throughout the entire frequency range up
to 100 MHz.

E. Discussion

The resonant behaviors of the errors in Figs. 7–10 follow
the resonant behavior of the wire, and the error is maximal
at the resonant frequencies. In general, the resonant frequen-
cies are dependent on the geometry and characteristics of the
medium, but in the cases in Figs. 7–9 in the frequency range
above 10 MHz, they can be roughly approximated by [42]

f =
1

2
√

ε0μ0

n

�
(36)
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where n = 1, 3, 5, ..., in Figs. 7 and 8 and n = 1, 2, 3, ..., in
Fig. 9.

Our future work on the improvement of the presented image
model will focus on the improvement of the error near the reso-
nant frequencies and in cases when the wire penetrates different
media.

VI. CONCLUSION

In this paper, we have compared the image and exact mod-
els of a wire that is above, below, or penetrates a uniform or
two-layered earth. The image model can be derived from the
exact model by a single substitution of the reflection Fresnel
coefficients in the spectral domain with their quasi-static forms.

The image model is accurate at dc and leads to generally small
errors at low frequencies and larger errors at higher frequencies.
At frequencies above 10 MHz, the error is strongly dependent
on the resonant frequencies.

The error is smaller when there is no penetration of the wire
through different media. The error is small (less than a few
percent in the frequency range up to 100 MHz) for a wire buried
in a uniform earth and even smaller (less than one percent) if the
wire is embedded in the upper layer of the two-layered earth.
The error is larger, but still within a limit of about 10%, in the
case of a wire completely above the ground.

The error is largest in cases where the wire penetrates different
media. In such cases, the error is larger than that observed for a
wire in uniform media, both at low and at high frequencies, and
attains values of about 40% at resonant frequencies.
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