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Voltage Distribution Along Earth Grounding Grids Subjected to Lightning Currents . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Rafael Alipio, Marco Aurélio O. Schroeder, and Márcio M. Afonso 4912
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Analysis of High-Frequency Grounds: Comparison
of Theory and Experiment

Robert G. Olsen, Fellow, IEEE, and Leonid Grcev, Fellow, IEEE

Abstract—To date, there has not been a completely satisfactory
comparison between theory and experiment for a ground system
that is excited by a current with a submicrosecond rise time. This
requires careful definitions of both the measured and calculated
voltages because the electric field is no longer conservative and
voltages become path dependent. An experiment performed by
EdF in the late 1970s has been carefully analyzed and compared
with a simulation using full-wave theory. The comparison is excel-
lent, and this example can now be used as a “gold standard” to
which approximate grounding theories can be compared.

Index Terms—Electrical safety, grounding, power system simu-
lation, substation protection, transmission lines.

I. INTRODUCTION AND BACKGROUND

TRANSMISSION line towers are “grounded” to provide
a low-impedance path for abnormal currents that may

appear on transmission lines due to either lightning or faults.
It is important to realize that, during these events, the “earth”
is not at constant potential. In fact, there can be lethal potential
differences between different parts of the earth that pose serious
safety concerns for individuals who are in the vicinity of these
“grounds.” In addition, sensitive equipment can be exposed to
transient voltages high enough to cause damage.

Grounding systems are often analyzed using quasi-dc meth-
ods. However, it is not always clear whether this type of
analysis can be correctly applied to ground systems for which
the dimensions of the ground are not small compared with the
highest wavelength (in the earth) of the current injected into the
ground system. The purpose of this paper is to explore the case
for which the ground system cannot be analyzed using quasi-
static theory and to illustrate the effectiveness of appropriate
high-frequency analysis by comparison of both high-frequency
and quasi-dc analysis to a carefully conducted and interpreted
experiment.

Classical analysis of grounding systems basically has two
goals: first, to represent the grounding system by an equivalent
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circuit, which can be introduced in overall circuit analysis
of the system during abnormal conditions, and, second, to
determine voltages in the vicinity of the ground, which have to
be reduced within safe limits. At dc and low frequencies (which
includes normal 50-/60-Hz regime and, often, system faults),
the equivalent circuit is simple, and voltages are unique and
equal to potential differences. Behavior of grounding systems in
such low a frequency regime is well understood and is regulated
in standards, for example, [1]. However, dynamic behavior in
case of intensive and fast-varying currents, such as in case of
lightning strokes, might be quite different. Fast-varying currents
contain high frequencies for which grounding systems often
cannot be represented only by resistors, and currents with high
intensity often give rise to nonlinear ionization of the earth.

Pioneering but comprehensive work on this subject was
conducted in the first half of the 20th century [2]–[4]. Classi-
cal modeling approaches are based on circuit or transmission
line theory, where grounding electrodes are represented by
equivalent lumped or distributed resistances, inductances, and
capacitances, as derived from quasi-dc analyses. They were first
applied to single straight grounding electrodes, for example,
in [5]–[7]. Recently, using computers, circuit models have
been extended to model complex grounding systems [8]–[11].
However, the validity of these models is limited to a certain
upper frequency, due to underlying quasi-dc approximations.

Full-wave modeling methods without frequency limitations
have been also introduced, based on the solution of the integral
form of Maxwell equations [12]–[15]. Such electromagnetic
models are based on an exact mathematical formulation that
is numerically solved using the method of moments originally
developed for antenna theory [16].

Classical experimental work was mostly focused on the
effects of ionization in the earth due to direct lightning strokes
[17]–[20]. There is a lack of carefully documented experimental
work in the available literature, of which noteworthy recent
exceptions are [21]–[24]. Most experimental work has been
done for current pulses with front times larger than 1 μs that are
typical for first lightning strokes, only a very small number for
submicrosecond pulses that are typical for subsequent strokes.

The most important part of the modeling is the validation of
the models in comparison with experimental results. However,
there has been no complete comparison between theory and ex-
periment for submicrosecond pulses. One of the reasons for the
lack of comparison is that high-frequency voltages are difficult
to define uniquely. Here, a careful definition of “voltage” is
given and applied both to the theory and to the system used
to measure voltage during the experiment. When consistent
definitions are used, the result is a successful comparison.

0093-9994 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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It will be assumed here that the earth is a linear, homoge-
neous, and isotropic medium. However, it has been known for
many years that, if the electric field (and hence current density
since J = σE) in the earth is large enough, the soil becomes
ionized, and the earth effectively becomes a nonlinear medium
[25]. Furthermore, the effective resistivity in the ionized region
is decreased, hence decreasing the grounding resistance of the
earth [18]. Experiments by different researchers suggested that
threshold for soil ionization can be in the range from less
than 1 to more than 10 kV/cm [26], [27]. Analyzing a large
number of experimental data, Mousa suggested 3 kV/cm as
a suitable value for the threshold for soil ionization to be
used in theoretical evaluations [28]. Recent work in developing
nonlinear models in this area has been reported by Cooray [29].
The interested reader may refer to [30] for a discussion on how
this influences the ground system and how the theory reported
here can be extended to account for this phenomenon.

It is important to note that the ionization of the soil, which
is typical for high current intensities, may improve the impulse
grounding performance, and neglect of this phenomenon leads
to conservative results. On the other hand, during fast rise
time currents, inductive effects may lead to deterioration of the
grounding performance, with possible large transient voltages,
which should not be neglected. These effects are the focus
of this paper. As noted earlier, the essential contribution of
this paper is the careful analysis of an experiment using a
simple grounding system driven by an impulse current with a
submicrosecond rise time.

II. OVERVIEW OF THE EDF EXPERIMENT

Over a 15-month period from late 1976 to early 1978, a
number grounding system experiments for short rise time input
current pulses were conducted by EdF in Les Renardieres,
France [31]–[33]. The specific case of interest here (see [32,
Fig. 3–16b]) is the case for a 15-m-long horizontal copper wire
ground electrode that has a 6-mm radius and is buried 0.6 m
eep in earth with resistivity ρe and relative permittivity εr in
the range of 70 Ω · m and 15, respectively. A schematic of the
electrode and the equipment used to perform the experiment is
shown in Fig. 1.

The endpoint of the wire was driven by a 20-kV surge gen-
erator that injected a current pulse with a maximum amplitude
of 33 A and a zero-to-peak rise time of approximately 0.8 μs
through a 500-Ω matching resistor into the wire. The “voltage
to ground” was measured across a 1-Ω load resistor (ZL) at
the termination of a 15-m-long resistive divider, 1.2 m above
the ground. The input of the divider was connected to the
driving point of the ground system (G) by a 2-m-long horizontal
connection wire. Its length was oriented perpendicular to the
buried ground wire, as illustrated in Fig. 1(b) [34] and hence
was not subject to magnetic induction from current in the buried
ground wire. Details of the surge generator design are shown
in Fig. 1(c) [35]. For the pulse used in this study, vg(t) was a
step pulse with a rise time of 1 ns and was connected to the
pulse-forming circuit by a coaxial cable with a characteristic
impedance Z0 of 12.5 Ω. The values of the pulse-forming resis-
tor Rg and capacitor Cg were 350 Ω and 250 pF, respectively;

Fig. 1. Electrode under test and the experimental setup. (a) Side view. (b) Top
view. (c) Detail of the surge generator circuit (circuit values in text).

whereas Lg consisted of 60 turns of wire with a 5-mm2 cross-
sectional area wound on a 100-mm-diameter insulating tube
[35]. Different pulse types can be constructed using different
values of Rg, Cg , and Lg . This pulse generator was used to
drive the ground system through a 50-m-long wire, 1.7 m above
the earth. Several orientations of the current-carrying wire were
tried, and the best results were obtained with a wire in line with
the resistive divider and therefore perpendicular to the buried
ground wire [35].

The current at the input to the ground system (measured
using a 1-Ω current shunt) and the current at the input to
the resistive divider system are iG(t) and id(t), respectively,
as shown in Fig. 1(a). The point to which voltages will be
referenced is labeled as “R.”

The results of the current and voltage measurements are
shown in Fig. 2(a) and (b), respectively. In addition, a simula-
tion of the voltage using quasi-dc grounding theory is shown
in Fig. 2(b). Clearly, this quasi-dc theory is not adequate
to calculate the “short-time” voltage response of this ground
system for injected currents with submicrosecond rise times.
The reason for this failure is the focus of this paper. More
specifically, the purpose of the paper is as follows: to identify
a “dynamic” theory that can be used to effectively simulate
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Fig. 2. Measured current iG(t) and voltage vGR(t) for the EdF experiment
along with simulated quasi-dc voltage calculation. (a) Current. (b) Voltage.
Details about how the measurement was made will be discussed shortly.

this ground system and to carefully study the question of
how properly conducted and interpreted simulations of voltage
can be compared with the results of properly conducted and
interpreted “short rise time” ground response experiments for
the entire duration of the current pulse. This work will be
described in the subsequent sections.

A. Initial Comments on the Measured Voltage and Current

It is first noted that the main difference between the measured
voltage and the quasi-dc simulation is the voltage peak that
occurs within the first microsecond of the response. This peak
has shorter zero-to-peak rise time than that of the current (i.e.,
approximately 0.5 μs versus approximately 0.8 μs). Further-
more, as will be discussed shortly, the response of the ground
system is consistent with modeling the ground system as a
simple inductor for early times. Using the measured data in
Fig. 2 for the 90%–10% of full voltage across the inductor, the
inductance is

L =
v − iRdc

di/dt
=

240 V
60 A/μs

∼= 4.0 μH. (1)

At later times, the measured data and the quasi-dc simulation
are in agreement as shown.

III. SELF-CONSISTENT RECOVERY

OF THE EARTH RESISTIVITY

It is clear from Fig. 2 that traditional quasi-dc methods are
not appropriate for short time analysis of ground systems with
submicrosecond rise times. As pointed out earlier, however, the

current and voltage stabilize for longer times and approach the
dc solution for which the input impedance is purely resistive.
These “asymptotic” values can be used in conjunction with
quasi-dc theory to determine the earth’s resistivity.

Consider the horizontal ground system shown in Fig. 1 that
was used in the EdF experiment. The buried conductor is con-
nected to the earth’s surface at one end by a vertical length of
conductor of the same radius, which has a current iG(t) injected
into it at the earth’s surface. The “late-time” voltage can be
found using any one of many different quasi-dc grounding
programs [36]–[38]. These programs calculate the grounding
resistance Rg , which is equal to the voltage divided by the
input current. Programs to be described later that account for the
dynamics are required for determining inductance values. To be
consistent with the experiment, the calculated quasi-dc voltage
is defined as the difference in potential between driving point
(G) of the ground system and a reference point R in Fig. 1 that
is 17 m from G in a direction perpendicular to the horizontal
ground wire. Note that, here, the reference is not “remote earth”
as often used because the intent is to compare the simulation
with the experiment, which uses the potential reference point
R shown in Fig. 1. Given the geometry of the experiment,
RGR (the late-time ground “resistance”) represents the late-
time voltage between the driving point (G) electrode and the
reference point (R) divided by the late-time input current iG(t).

The late-time data shown in Fig. 2 can now be used to
determine the appropriate earth resistivity because they can
be determined using knowledge of ground system geome-
try and resistivity of the earth alone. From Fig. 2, RGR =
180.9 V/24.8 A = 7.3 Ω. Using a quasi-dc ground system
analysis program, RGR was calculated a number of times with
different values of earth resistivity until the value obtained was
RGR = 7.3 Ω. The result of this calculation was an earth resis-
tivity ρe = 79 Ω · m, which was used in all subsequent analysis.

By deriving the value of earth resistivity from the same
experiment to be analyzed dynamically, a “self-consistent”
earth resistivity was obtained. This removed the need to use
an independent experiment that might have been conducted at a
different time under different weather conditions and produced
a different value of resistivity.

The value of the relative dielectric constant of the earth was
selected (somewhat arbitrarily) to be 15. However, sensitivity
studies have shown that, for the low-resistivity soils relevant
to the EdF experiments, the specific value has relatively little
impact on the result.

Using RGR = 7.3, an application of quasi-dc theory to this
experiment results in a voltage equal to

vGR(t) = RGRig(t) = 7.3ig(t) (2)

and is plotted in Fig. 2(b).

IV. INTRODUCTION TO THE NEED FOR

HIGH-FREQUENCY ANALYSIS

Because the match between the measured data and the quasi-
dc simulation is not good for early times, it is to be expected that
a high-frequency (or dynamic) model is needed. Such models
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Fig. 3. Equivalent circuit for the simple ground system model that accounts
for inductive effects and is useful for predicting some aspects of early-time
transient voltages across grounding systems.

have been available for some time [2], [4]. One simple circuit
model that has been able to provide better results for higher
frequencies than a simple grounding resistance Rg is shown in
Fig. 3. It includes an inductance Lg in series with Rg .

The effect of the inductance can be illustrated by injecting a
current pulse of the form

iG(t) = Imax

(
1− e−bt2

)
(3)

into the equivalent circuit for simple ground system model,
where “b” is a parameter that determines the rise time of the
pulse.

For this current, the voltage across the circuit (i.e., to
“ground”) is

vGR(t) = Imax

{
(2btLg −Rg)e

−bt2 +Rg

}
. (4)

Note that, if b → 0 (i.e., a very slow rise time)

vGR(t) = RgImax

(
1− e−bt2

)
(5)

which is the quasi-dc solution as expected. Now, if
√
bLg > Rg/

√
2 (6)

there is an early-time peak in the voltage, which can be shown
to have a maximum value at tmax =

√
1/2b of

vmax

(
t=

√
1/2b

)
=Im

{(√
2bLg−Rg

)
e−1+Rg

}
. (7)

Clearly, the rise time required to result in such a peak is
smaller in ground systems with larger ground resistances. This
can happen either because the earth has a higher resistivity or
because the ground system is not extensive and hence has a
relatively large value ofRg . It is interesting to note that, as Rg is
made smaller by improving the ground system, the final voltage
may be made smaller, but the initial voltage may increase due
to this inductive effect. This is an example of a “tradeoff”
between late- and early-time performance when “better” (i.e.,
low-resistance) grounds are designed. On the other hand, if

√
bLg < Rg/

√
2 (8)

there is no maximum, and the effect of the inductance is
significantly less. In fact, as b → 0, the solution reduces to the
quasi-dc solution as illustrated in (5). Hence, for pulses with
longer rise times, the effect of inductance can often be ignored,
and the ground can be represented simply by the grounding
resistance.

Examples of a current pulse with a submicrosecond rise time
and the resulting transient voltage across the ground system are
shown in Fig. 4. To be as consistent with the EdF experiment

Fig. 4. Current injected into and voltage across a grounding system modeled
as an inductance in series with a grounding resistance. Here, Im = 33 A,
b = 3.5× 1012, Rg = 7.3 Ω, and L = 6.4 μH. (a) Current. (b) Voltage.

as possible, the parameters Im = 33 A, b = 3.5× 1012, Rg =
7.3 Ω, and L = 4.0μH1 have been used.

Clearly, Fig. 4 is not an adequate simulation of the experi-
mental results shown in Fig. 2. Nevertheless, the results shown
in Fig. 4 illustrate the initial peak in the early-time voltage and
the asymptotic values of the late-time current and voltage. The
most serious barrier to using this simple approach is that there
is no generally accepted method for a priori calculating the
inductance of buried wires. Hence, the simulations used here
implement the full-wave theory to be discussed further later
in this paper. It is clear that the inductance can cause a sig-
nificant voltage overshoot for submicrosecond pulses injected
into grounding systems with typical inductance and resistance
values. While these voltage pulses are relatively short, they may
still be of concern for human safety and may pose a threat to
equipment with earth connections.

This initial overshoot behavior is evident in the experimental
results presented earlier. Hence, the addition of inductance to
the model appears to be the most important improvement that
can be made. The full-wave model used here to simulate the
experimental results certainly includes the inductive effects
described here, but since it is an exact theory, it also includes
capacitive and propagation effects as well.

1The value of L used here is from the experimental result shown in (1). It
has been used because there does not appear to be a well-accepted method
for accurately calculating the external inductance of a buried wire carrying a
nonuniform current for high-frequency ground models [39], [40]. Issues range
from the nonuniqueness of partial inductance calculations to the nonfiniteness
of magnetic energy associated with currents that do not form closed loops.
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V. ON THE DEFINITION OF VOLTAGE

A. Introduction

The specific issue to be considered here is the difficulty in
defining voltage at higher frequencies when the distance over
which a voltage is defined is not a very small fraction of a
wavelength and hence the electric field cannot be considered
conservative. Hence, any potential defined here must be path
dependent, and the path must be defined. Here, a careful ex-
amination is made of both the definition used to calculate the
ground system voltage and the method by which this voltage
was measured in the experiment. The purpose of this exami-
nation is to be certain that these are carefully and equivalently
defined. Without this equivalence, it is not possible to compare
experiment and theory.

B. Voltage to Remote Earth

It is common to characterize a ground system by its driving
point impedance.2 This impedance is defined as the voltage
between (some) two terminals divided by the current between
the same two terminals. It generally is not difficult to define the
terminal into which the system current flows and which forms
one of the terminals between which the voltage is defined. It is
also not difficult to define the voltage “if” the two terminals
between which the voltage is defined are very close to each
other compared with a wavelength. However, it is difficult to
define the voltage in the way that it has traditionally been
defined for grounding electrodes at dc (i.e., with respect to
remote earth, which is an infinite distance away) because, at
higher frequencies, these two terminals are not close compared
with a wavelength. Furthermore, the second terminal for the
voltage measurement may not be the one that collects all of the
current that flows into the grounding system.

Here, the issue is resolved by defining the first terminal as the
driving point of the ground system, the current as that which
flows into this terminal, and the voltage at this terminal with
respect to a known reference point (R) at a finite distance from
the ground system driving point rather than with respect to
remote earth. As long as the reference point is the same for
both experiment and theory, there should be no difficulty with
this assumption.

C. Use of Contour-Dependent Voltages

A second (and related) issue with the definition of voltage
is that voltage is path dependent for a general time-varying
electric field. Consider the situation illustrated in Fig. 5, where
the input terminal of the ground system is labeled G, and the
voltage reference point is labeled R. Here, an attempt is made
to define the voltage at high frequency between the corner of
a buried mesh electrode and reference point R along one of

2It is noted that the term “impedance” is used quite loosely in many (if not
all) high-frequency grounding theories for just the reason discussed earlier;
the voltage is not uniquely defined at higher frequencies. In fact, quantities
termed impedance (i.e., transient impedance, impulse impedance, and harmonic
impedance) should not be considered as well-defined impedances since cor-
responding voltages in their definitions are not voltages between the current
source terminals, but only potentials at the grounding electrode feed point [41].

Fig. 5. Mesh electrode is shown with two paths to a point far enough from the
electrode that is the “reference point.”

Fig. 6. Contour in the plane of the resistive divider for which magnetic
induction from the horizontal ground wire is zero.

two paths: Path GR1 or Path GR2. According to Faraday’s law,
the difference in the voltages between the mesh corner and the
“reference” terminal along Path GR1 and Path GR2 is equal to
the time rate of change of magnetic flux through the surface
S bounded by the closed path C that consists of Path GR1,
followed by Path GR2, but traversed in the opposite direction.
More specifically,∮

C

E • d̄ l̄=
∫

GR1

E • d̄ l̄−
∫

GR2

E • dl̄=−jω

∫
S

B • d̄S̄. (9)

If the magnetic induction term on the right side is small
compared with the calculated voltage along either path, then
it is reasonable to define a voltage. Grcev and Arnautovski-
Toseva, however, showed one example for which there is a
significant difference in the voltage calculated along two paths
for a grounding electrode that is excited by the subsequent
stroke of a lightning impulse. Hence, the definition of potential
must include the path, and care must be taken when defining
the path used for the potential [42].

This idea can be applied to the measurement system for the
EdF experiment, as shown in Fig. 6. Here, a closed contour
containing points G and P is shown as the dashed red rectangle.
Note that the rectangle could be any rectangle that fits inside
the boundaries of the ground feed, the earth, and the measure-
ment system. One specific case of interest, for example, is the
rectangle such that P = R, the reference point used to analyze
this ground system’s voltage.
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The magnetic fields generated by currents in the buried
horizontal ground wire are parallel to the surface S of the
rectangle shown in Fig. 6. Hence, there is no magnetic induction
through S from these buried currents. However, there is mag-
netic induction from currents in the vertical wire that connects
the driving point and the earth and the horizontal connection
wire.3 These will be accounted for as lumped self-inductances,
as shown in

−
∮
C

E • d̄ l̄ = 0 =

−
W∫
P

E • d̄ l̄+ jωLvwÎg − jωLhwÎd +

d∫
P

Ē • d̄ l̄ (10)

where the subscripts vw and hw refer to the vertical and
horizontal wires, respectively.

It is further recognized that any electric field can be written
in terms of vector magnetic and scalar electric potentials, i.e.,

Ê(ω) = −∇φ̂(ω)− jωÂ(ω) (11)

where Â is the vector magnetic potential, and φ̂ is the corre-
sponding electric scalar potential.

Given this,

W∫
P

∇φ̂(ω) • d̄l̄ = φ̂WP (ω) =

−
W∫
P

E(ω) • d̄ l̄ −
W∫
P

Ā(ω) • d̄ l̄ =−
W∫
P

E(ω) • d̄ l̄ (12)

with the reference direction shown in Fig. 6. Note that Â(ω) ·
dl̄ ∼= 0 on the contour along the earth’s surface that connects G
and P since the current in the ground system is perpendicular
to it and the magnetic flux due to the currents in the vertical
wire and the measurement lead are accounted for by their
self-inductances. This self-inductance of the measurement wire
can, in turn, be neglected, as shown in the next section. The
potential φ̂WP (ω) is uniquely defined for the contour along the
earth’s surface in Fig. 6. Furthermore, this is the “potential” that
reduces to the normal electrostatic potential as the frequency
goes to zero or for which there is no (or very little) time
variation of the fields.

The simulated voltage calculated is

V̂GR(ω) = jωLvwÎg(ω) + φ̂WR(ω) (13)

where the point R has now been used as the reference. φ̂WR(ω)
is calculated by the simulation program as the negative integral
of the electric field along the path from R to W. In the next
section, the measured voltage will be defined. Care must be
exercised to be certain that the definitions of “measured” and
“simulated” voltages are consistent.

3The magnetic induction due to the horizontal resistive divider can be
ignored because (as shown later) the resistance of this portion of the measure-
ments system dominates its self-inductance.

Fig. 7. Measurement system showing distributed parameters.

VI. INTERPRETATION OF THE EDF EXPERIMENT

According to Grcev and Fieux et al., the measured voltage in
the EdF experiment was obtained in the following way. The
“transient voltage to remote ground4 has been measured by
means of a 15 m long5 ohmic divider with measuring bandwidth
of 3 MHz. The high voltage arm was composed of a series of
ceramic resistances connected to very short connectors. By em-
ploying this measuring arrangement, a constant transfer func-
tion in the measuring bandwidth could be realized.” [34], [43].

The goal of this measurement is to find the voltage at G
with respect to the potential reference R so that the measured
voltage is consistent with (13). However, as is apparent from
the measurement defined in Fig. 1, the voltage that has actually
been measured is not V̂GR(ω) but the voltage V̂m(ω) across
a 1-Ω resistor at the end of the distributed resistive divider.
The relationship between V̂m(ω) and V̂GR(ω) must be carefully
defined.

A. Defining the Measured Voltage

Before analyzing the voltages, a circuit model for the mea-
surement system (a distributed resistive divider) will be exam-
ined more carefully. Consider the measurement system shown
in Fig. 7. At higher frequencies, the inductances of straight
wires and capacitance to ground of the horizontal wires must
be considered and are shown. The horizontal connection wire
between G and d can be represented as a series inductance of
2 μH/m × 2 m = 4 μH and a shunt capacitance of 10 pF/m ×
2 m = 20 pF [34]. The vertical connection wire between G
and w can be represented as an inductance of 1.2 μH [44].
The inductance between the circuit injection and the voltage
measuring arms of the measurement system can be computed to
be in the range of about 0.16 μH and therefore can be neglected
in the computation of the voltage.

The distributed resistance divider can be modeled as a lossy
transmission line characterized by a series impedance per unit
length that consists of a resistance and an inductive reactance
per unit length, i.e.,

z = r + jωl ∼= r (14)

4The voltage was measured with respect to the reference point “R,” not
“remote earth.

5Grcev in [43] stated a length of 60 m here, but in the original reference, 15
m was used.



OLSEN AND GRCEV: ANALYSIS OF HIGH-FREQUENCY GROUNDS: COMPARISON OF THEORY AND EXPERIMENT 4895

TABLE I
DISTANCE TO EFFECTIVE GROUND REFERENCE POINT

FOR FREQUENCY COMPONENTS OF φ̂GR(ω)

and the parallel admittance per unit length of the distributed
resistance divider is capacitive and equal to

y = +jωc (15)

where c = 10 pF/m.
The approximation in (14) is valid because the value of r

used in the experiment was 133 Ω/m, and since the value of l
used in the experiment was 2 μH/m, the value of jωl at 3 MHz
(largest frequency of interest) is only approximately 38 Ω/m.
Hence, the term jωl can be neglected.

It will be convenient to analyze the measurement problem
first in the frequency domain and then to transform back to
the time domain for the following reason. As aforementioned,
the potential difference φ̂WR(ω) is defined here with respect
to the reference point R in Fig. 7. However, as will be illus-
trated shortly, at high frequencies, the integral used to calculate
φ̂WR(ω) converges well before the point R is reached, and
it is possible to identify a point on the ground closer to W
as the “effective” reference point (for that frequency) without
affecting the value of the potential. This can be illustrated
by examining the convergence of calculations of φ̂WR(ω) at
different frequencies. More specifically, the distances (for a
number of frequencies) from the point W at which the integral
for φ̂WR has “converged” (i.e., 95% of the final value) have
been calculated and are summarized in Table I.

At 100 Hz, the calculation of φ̂WR(ω) requires the full range
from W to R. However, at higher frequencies, the integral con-
verges well before the point R. Hence, at 100 kHz, for example,
the region from 5.9 m to R contributes little to φ̂WR(ω), and it
can be argued that an equivalent reference point for φ̂WR(ω) is
5.9 m from W.

Furthermore, at 1 MHz, it can be argued that the reference
point is 2.6 m from W and that the integration path beyond that
contributes little. At higher frequencies, convergence occurs
even closer to W. As will be illustrated shortly, there is utility to
recognizing that, at high frequencies, essentially all of the con-
tributions to the integral φ̂WR(ω) come from close to the point
at which the ground system enters the earth (i.e., W) so that

φ̂WR(ω) ∼= φ̂Ws(ω) (at high frequencies) (16)

where V̂ds(ω) is the input voltage to the distributed resistive
divider between terminals d and s, and V̂Ws(ω) is the input
voltage to this divider between terminals W and s when
augmented by the equivalent circuit for the connection wire.
What happens at lower frequencies will be discussed shortly.

Including the inductive and capacitive effects of the horizon-
tal connection wire, the transfer function H(ω) between the
measured voltage Vm at the output of the measurement system
and the input voltage to the measurement system VGs can be
written as

V̂m(ω)

V̂Gs(ω)
= H(ω) = |H(ω)| ejθ(ω) =

(1 + Γ)Z0

den
(17)

where

den =
(
jωLh + Z0(1− ω2LhCh)

)
ejγ�

− Γ
(
jωLh − Z0(1− ω2LhCh)

)
e−jγ�

Γ =
ZL − Z0

ZL + Z0
, (18)

jγ =
√
zy ∼=

√
jrωc = ejπ/4

√
ωrc (19)

Z0 =

√
z

y
∼=

√
r

jωc
= e−jπ/4

√
r

ωc
. (20)

ZL is the load impedance that includes the 1-Ω shunt resistor
and the “grounding impedanceZg”; whereas Lh and Ch are the
inductance and the capacitance, respectively, of the horizontal
connection wire.6 “s” is the point on the earth directly below
the input to the resistive divider, as shown in Fig. 7.

Now, for all frequencies of interest here (i.e., conservatively
for frequencies less than approximately 3 MHz), the terms
containing Lh and Ch can be ignored. Hence

H(ω) ∼=
(1 + Γ)

ejγ� + Γe−jγ�
. (21)

This expression is simplified if (18) is used in (21) to obtain

H(ω) ∼=
ZL

jZ0 sin (γ�) + ZL cos (γ�)
∼=

ZL

jZ0 sin (γ�)
(22)

since, for the parameters used in this problem,ZL�|Z0sin(γ�)|.
If further, sin(γ�) is expanded in a two-term Taylor series, i.e.,

H(ω) ∼=
ZL

jZ0γ�
(
1− (γ�)2

6

)
=

ZL

r�
(
1 + jω

(
rc�2

6

)) (
ωrc�2

)
/6 < 1. (23)

The parameters used here are [34] as follows: �=15m;
r = 2000/15 Ω/m distributed uniformly along the wire; l =
2 μH/m; c = 10 pF/m; connection length = 2 m; therefore,
L = 4 μH, C = 20 pF, and ZL = 1 Ω.

Using these parameters, the characteristic impedance of the
measuring transmission line at 1 MHz can be calculated to
be Z0

∼= 1500e−jπ/4 (it is even larger at lower frequencies).
Given that ZL � |Z0|, it can be replaced by a short circuit
for purposes of calculating the current through the load and
hence the voltage across the 1-Ω measuring resistor. Hence,
it is not necessary to know the actual value of Zg as long as
|Zg| � |Z0|. For these parameters, (23) is valid at frequencies
below approximately 3 MHz.

6It will be shown shortly that the voltage across the 1-Ω shunt resistor is
essentially independent of the total load impedance load.
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The amplitude and phase of the transfer function can be
respectively written as

|H(ω)| ∼=
ZL

r�

(
1 +

(
(ωrc�2)

6

)2
) ,

(
ωrc�2

)
/6 < 1 (24)

θ(ω) ∼= −ωrc�2

6
. (25)

It is well known that a transmission line does not distort
the shape of a voltage wave traveling along if it has a transfer
function of the form

H(ω) = A exp(−jωtd) (26)

where A is independent of frequency, and td is a time delay.
Hence, for pulses with frequency content up to approximately
3 MHz, this measurement system is “distortionless” but results
in a time delay of td seconds. This result justifies the term
“constant transfer function” used by Grcev and Arnautovski-
Toseva [42]. The time delay is

td =
rc�2

6
. (27)

For the parameters used in this experiment, this delay is
0.05 μs. This appears to be consistent with the slight delay in
the measured voltage that will be observed later.

B. Special Cases for the Measured Voltage

Two cases will now be considered in order to explain how
the voltage measured across the 1-Ω resistor (V̂m(ω)) can be
related to the voltage response of the ground system (V̂GR(ω)).
The cases are for low and high frequencies, respectively. Before
investigating these individual cases, it can be noted that V̂m(ω)
can be calculated in terms of the voltage response of the ground
system (V̂GR(ω)) using lossy transmission line theory, includ-
ing the horizontal connection wire. However, this derivation
assumes that there are no external voltages along the earth’s
surface that cause currents in the resistive divider. This is an
important distinction between low- and high-frequency cases.

C. Measured Voltage: Low-Frequency Case

In the low-frequency case, the impedances of the measure-
ment system’s inductors (capacitors) are small (large) enough to
be ignored compared with the other impedances in the network,
as shown in Fig. 8. Furthermore, since the integral for the
potential φ̂WR(ω) does not converge before the reference point
R, the rectangle is drawn to cover the entire measurement
system as shown.

In this case, the voltages across the vertical and horizontal
connections are zero, and the current through the resistances
that compose the resistive divider is constant (i.e., no capacitive
leakage) and equal to the current through the 1-Ω measurement
resistor. Hence, this system can be analyzed using simple
voltage divider theory. The result is

V̂m(ω) =
V̂GR(ω)

r� + 1
∼=

V̂GR(ω)

r�
(28)

Fig. 8. Measurement system in the low-frequency case.

where r is the resistance per unit length of the divider, and
� is its length. This same result can be obtained from (23)
in the limit as f → 0. Hence, the measured voltage at low
frequencies is

V̂GR(ω) = r�V̂m(ω). (29)

This low-frequency analysis is valid for frequencies such that
the convergence of the potential integral occurs at a distance of
more than 2 m from the point W. The highest frequency for
which this occurs is approximately 500 kHz. For frequencies
below this value, the transfer function is approximately con-
stant, consistent with the dc analysis used to derive (29).

D. Measured Voltage: High-Frequency Case

At higher frequencies (i.e., 0.5 MHz or greater) for which
the reactive elements cannot be ignored, it is no longer possible
to use the simple model just analyzed. Rather, the measurement
system will be represented by the transfer function given in (24)
and (25). In order to use this result, however, it is first necessary
to demonstrate that the only voltage source is the voltage across
the 1-Ω resistor as assumed in its derivation. More specifically,
it must be shown that there are no voltage sources along the
surface of the earth that inject currents into the resistive divider.

In this high-frequency case, the potential integral φ̂WR(ω)
converges rapidly, and the point S can be considered to be its
equivalent reference point. More specifically, the potential is

φ̂WR(ω)=−
W∫
R

E(ω)•d̄ l̄∼= −
W∫
s

E(ω)•d̄ l̄ ∼= φ̂Ws(ω). (30)

Hence, the input voltage to the measurement system will be
defined as V̂Gs(ω) ∼= V̂GR(ω), where the voltage drop across
the horizontal connecting wire is included. Hence, there are no
significant voltages along the earth’s surface between z = 0 and
z = −15 m (see Fig. 9) that induce currents in the resistive
divider, and it is legitimate to analyze it by assuming it is
a passive network with a voltage source only at its input.
The measurement system with a rectangle that illustrates this
point is shown Fig. 9. Clearly, the measured voltage at high
frequencies can be written as

V̂GR(ω) ∼=
V̂m(ω)

H(ω)
. (31)
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Fig. 9. Measurement system in the high-frequency case.

E. Measured Voltage: Full Frequency Range

The transfer function given in (24) and (25) reduces to the
low-frequency result given in (28) for low frequencies. Hence,
it can be used over the entire frequency range. Thus, the
measured voltage can be written as

V̂GR(ω) ∼= r�

⎛
⎝1 +

((
ωrc�2

)
6

)2
⎞
⎠ exp

(
j
ωrc�2

6

)
V̂m(ω)

∼= r� exp

(
j
ωrc�2

6

)
V̂m(ω)

(
ωrc�2

)
/6 � 1 (32)

where the amplitude is constant, and the time delay is td =
(rc�2)/6.

VII. APPROACH TO MODELING THE PROBLEM

A. Full-Wave High-Frequency Theories

The most accurate method for solving high-frequency
grounding problems is to use full-wave theory for which no ap-
proximations are made to Maxwell’s equations until numerical
methods are employed. It is usually assumed that the earth is the
lower half space and assumed to be linear, homogeneous,7 and
isotropic material characterized by the parameters εr (relative
dielectric constant) and σ (conductivity). If it is assumed that
there is a current (I0) with a given frequency dependence,
which is injected into the ground, then it is possible to set up
an integral equation for the unknown current on the network
of wires in the earth [14]. In the process of doing this, infi-
nite Sommerfeld integrals are used to mathematically describe
the electromagnetic fields of elementary current sources (i.e.,
Green’s functions) in the earth that account for the electromag-
netic discontinuity between the earth and the free space above
it [45]. Generally, these equations are solved by the method of
moments [16]. In this technique, the unknown wire currents
are expanded using subsectional basis functions so that the
wires are effectively divided into short elements with unknown
currents. By matching boundary conditions on the wires in
one of many appropriate methods and assuming that the input
current is specified, a set of linear equations for the unknown
currents is set up. These equations can be solved to find the
distribution of current over the entire grounding network. Once
this is done, it may be also possible to define a voltage and

7The most common and relatively straightforward improvement of this
model is to assume a multilayered earth.

an input impedance, but care must be taken to interpret these
correctly as discussed earlier.

If the response to a transient current is desired, then this
can be calculated using the temporal inverse Fourier transform
[14]. This is done by recognizing that, in a linear medium (as
assumed until this point), Ampere’s law, for example, in the
time domain is written as

∇xH(t) = Js(t) + σE(t) + ε0εr
∂E(t)

∂t
(33)

where Js(t) is the source current in the time domain. If the
Fourier transform of (14) is taken, then it becomes

∇xĤ(ω) = Ĵs(ω) + (σ + jωε0εr) Ê(ω) (34)

where the carat “∧” over a vector again indicates a phasor
quantity. Equation (34) is the steady-state Maxwell’s equation.
Hence, if Maxwell’s equations in the frequency domain are
solved, the fields in the time domain can be found using the
inverse Fourier transform as (for example)

E(t) =
1

2π

∞∫
−∞

Ê(ω)e−jωtdω. (35)

Here, the solution to this general problem will be applied to the
specific EdF problem shown in Fig. 2 [14], [42], [45], [46].

VIII. RESULTS

The system illustrated in Fig. 1 has been simulated in the
frequency and time domains. The results of those simulations
follow.

The simulated result without correction (i.e., vWR(t)) was
computed determining voltage between the conductor surface
and a point 17 m away along a perpendicular path at the earth
surface. The voltage was computed in the frequency domain
by integrating the electric field vector along this path. This
computation was repeated for a number of frequencies in a
range from 0 Hz up to 5 MHz. To minimize the number of
computations, only frequencies that allow evaluation of any
required value by interpolation were directly computed. For
the computation of such voltages as V (ω), steady-state 1-A
excitation was used. The transient vWR(t) for a given current
pulse i(t) is obtained by Fourier transform technique, i.e.,

vWR(t) = F−1
{
V̂WR(ω) · F [i(t)]

}
(36)

where F ( ) and F−1( ) are Fourier and inverse Fourier trans-
forms, respectively. Practically discrete Fourier transform and
standard fast Fourier transform algorithms are used (the inter-
ested reader may find details in [14]).

B. Voltage in the Frequency Domain

Fig. 10 shows a plot of the amplitude of the simulated
voltage in the frequency domain with and without the inductive
correction for the vertical wire as expressed in (13). The solid
red line is the measured voltage after transformation into the
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Fig. 10. Simulated voltage V̂GR in the frequency domain (with and without
the inductive correction term) in comparison with the measured voltage (red).

Fig. 11. Measurement and simulation (with and without inductive correction)
of transient voltages to remote ground at the beginning point of 15-m-long
horizontal wire. Shown also is the dc solution calculated from the grounding
resistance of the buried electrode.

frequency domain. Clearly, the inductive correction term results
in a better comparison with the measured results.

C. Voltage in the Time Domain

The result in the time domain is shown in Fig. 11. Here,
the simulated voltage is presented in three forms. The first is
the quasi-dc solution. The second is simply a plot of φ̂WR(ω)
transformed into the time domain. The third is the same result,
but including the inductive correction term in (13) and the delay
that is built into the transfer function of the distributed resistive
divider indicated in (32).

Several observations can be made about these results. First,
as aforementioned, the dc solution is clearly not acceptable
in part because it does not account for inductive effects at
early times. Second, the simulation without the aforementioned
two corrections is fairly consistent with the measured results.
However, when augmented by the inductive correction term and
delayed by 0.05 μs, as required by the transfer function, the
simulation is a very good replication of the experimental results.

IX. DISCUSSION AND CONCLUSION

The fact that the comparison between experiment and sim-
ulation is as close as shown in Fig. 11 is an illustration that
it is possible to develop appropriate interpretable experiments

for which ground systems are excited by currents with sub-
microsecond rise times and to develop appropriate full-wave
methods for simulating these systems. However, it should be
clear that the first of these cannot be completed without careful
design and characterization of the measurement system to
ensure that the meaning of the measurement is well understood.
For example, mutual induction effects can be controlled by
careful selection of geometry, and the transfer function of the
measurement system should be characterized to be certain that
distortion is minimized and inherent time delays accounted
for. In addition, it should be clear that the specific simulation
output required for comparison with the experiment should be
carefully defined. For example, it may be necessary to account
for inductance of measurement system wires in the simulation.

The fact that a satisfactory comparison has been obtained
between experiment and full-wave theory for grounds excited
by submicrosecond pulses does not necessarily mean that full-
wave theory is required. However, the solution presented here
can be used as a “gold standard” by which to measure the
accuracy of techniques developed using assumptions other than
full-wave solutions to Maxwell’s equations.
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