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On the Image Model of a Buried Horizontal Wire

Vesna Arnautovski-Toseva, Member, IEEE, and Leonid Grceev, Fellow, IEEE

Abstract—It is common practice in the engineering analysis pro-
cess to use an approximate image method for the computation of
the current in buried horizontal conductors (in the literature, this
is often referred to as the “modified image” or “reflection coeffi-
cient” method). According to this approach, the earth/air interface
is replaced by a positive mirror image of the charge and current
in the conductor, and its field is multiplied by a suitable reflection
coefficient. Different opinions on the validity of this approximation
have been expressed in published debates, but more systematic
analysis of the error introduced by this approach is not available
in the literature. To establish the amount of error, we compare the
computation results of the image model with the rigorous Sommer-
feld integral method for a wide range of parameters. Contrary to
widespread opinion, our results suggest that the modified image
(or reflection coefficient) method in EFIE-based solutions (e.g., the
Pocklington equation) leads to a large error (larger than 20%) in
the low-frequency range for the computation of the current distri-
bution in conductors longer than 10 m. In such a case, MPIE-based
methods are preferred for use to achieve a smaller error (approxi-
mately 5%). Guidelines for the application of image models related
to the conductor, earth and excitation parameters, upper frequency
limit, and modeling method are presented.

Index Terms—Antennas, electromagnetic analysis, frequency re-
sponse, Green functions, grounding, integral equations, modeling,
nonhomogeneous media, reflection coefficient.

I. INTRODUCTION

HE traditionally accepted practice in engineering analy-
T sis is to use an approximate image formulation for the
computation of the current in buried horizontal wires of finite
length (such formulation is often referred to in the literature as
the “modified image” or “reflection coefficient” method). In this
method, the air half-space is replaced with a positive mirror im-
age of the charge and longitudinal current distribution along the
wire above the earth/air interface. The field of the image source
is then multiplied by a suitable reflection coefficient. Such an
approximate approach was initially applied at low frequencies
but is presently applied over a wide frequency range in many ar-
eas of electrical engineering, e.g., electric power systems, EMC,
lightning protection, subsurface communications, geophysical
prospecting, etc., [1]-[9].

The idea for this approximation stems from the exact im-
age solutions for dc sources in conducting half-space [10]. The

Manuscript received April 10, 2015; revised October 10, 2015 and August 10,
2015; accepted November 10, 2015. Date of publication December 25, 2015;
date of current version February 16, 2016. This work was supported in part by
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current distribution in buried conductors is determined by the
electric field component tangential to the conductors’ surface
due to the charge and current sources in the conductor. The dc
electric field component is exactly determined solely by charge
and image theory. With the rise of the frequency, additional elec-
tric field component due to current in the conductor becomes
important [11]. However, for this component, there is a differ-
ence in the image model between vertical and horizontal con-
ductors: the dc vertical current has an image [12], whereas the
horizontal current does not [13]. Therefore, a natural extension
of the image theory for horizontal conductors in a quasi-static
range would be to use an image for the charge, but not for the
current. Nevertheless, in the most cases, the solutions are based
on the electric field integral equation (EFIE) (e.g., Pocklington
equation), which uses images of both charge and current, e.g.,
[5]-[9]. The use of an image only for the charge is possible in
solutions based on the mixed potential integral equation (MPIE)
[14].

Contrary to the above approach, Wait, in the debate with Sali
[18]-[22], has claimed that a buried current-carrying conductor
does not have proper image and that the simple mirror image
model should not be used in analysis of buried wires. Neverthe-
less, confidence in the image models was built on the fact that
the computation results (especially in grounding analysis) have
been found to be in a reasonable agreement with some exper-
imental results, e.g., [8], [15]-[17]. However, more systematic
analysis of the error introduced by this approximate formulation
is not available in the literature.

The aim of this paper is to explore the validity of the image
models by analyzing the error of the computed current distri-
bution in buried horizontal wires of finite length for various
types of excitation. To establish such an error, we compare two
image models (first, with images of both current and charge,
and, second, with a single image of charge) using as a standard
the rigorous Sommerfeld integral method ([14], [23]-[25], [31],
[32]). We compare the models over a wide frequency range
(from dc to 100 MHz), different earth conductivities (from 0.1
to 0.001 S/m), different wire lengths (from 1 to 100 m), and
different burial depths (from 0.3 to 1 m). For all cases, we apply
alternatively two types of excitation: first, with a serial voltage
generator at the wire’s middle point, and second, with illumina-
tion by an incident plane wave. In this paper, we analyze only
the simplest implementation of the image method, where the
air half-space is replaced by a positive mirror image. Here, we
do not consider more complex image models, e.g., exact image
[26] or discrete complex image models [27]. These approaches
and cases for multilayered earth, the frequency dependence of
the earth electrical parameters [28], the complete field, and more
complicated electrode arrangements (that employ both horizon-
tal and vertical conductors) will be considered in later work.

0018-9375 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Illustration of the coordinate system and the position of the buried

horizontal wire. (a) Original problem. (b) Image model: HED and its image in
unbounded conducting space with the characteristics of earth (g1, 10, 01).

II. MPIE AND THE METHOD OF MOMENTS

The details of the rigorous Sommerfeld integral model for
currents in thin-wire conductors in conductive media based on
MPIE may be found elsewhere, e.g., [33]-[36]. Here, we briefly
summarize the main steps in the development.

A. Mixed Potential Integral Equation

The physical situation and the coordinate system are illus-
trated in Fig. 1. The interface between the air and the earth is the
plane z = 0, with the positive z-direction directed upward into the
air. The earth is assumed to be a homogeneous medium charac-
terized by corresponding values of permittivity €;, conductivity
o1, and permeability of vacuum py. We consider a horizontal
wire of length L along the x-axis, with radius a buried at depth
d. The wire excitation is provided by a harmonic voltage source
connected serially at the central point of the wire or alternatively
by illumination by a harmonic plane wave of normal incidence.
(The time variation e/“* is assumed and suppressed.)

Assuming the thin-wire approximation, the equivalent current
and charge sources in the wire (see Fig. 1) are approximated by
filaments at the wire axis. The boundary condition is satisfied
approximately by requiring that only the x-component of the
tangential known impressed electric field E’ vanishes at the
wire surface [29]. We use the well-known MPIE

!
jw,ug/GAI(a:’)dx’— ,1A 2/Gv 8I(x)dx’
L Jjwéy Ox Jp, ox

Bl =
ag

& = e+ —. (1)
jw

Here, I(2') is an unknown filament longitudinal current and
G 4 and Gy are Green functions of the x-component of the mag-
netic vector potential and the electric scalar potential, respec-
tively. The integrals superimpose effects of horizontal electric
dipoles (HED) (illustrated in Fig. 1) along the conductor axis.
G4 and Gy are the result of point current and point charge
sources associated with x-oriented HED, respectively (they will
be evaluated in next sections of this paper). MPIE (1) allows for
application of images separately for the equivalent longitudinal
currents and charges because the charge appears explicitly in
the evaluation of Gy, .

B. Method of Moments

The first step of the application of the method of moments [29]
is to assume that the wire is divided into a number of fictitious
subsections over which the unknown current is approximated by
a sequence of N basis functions [30]. Our choice of the method
for numerical solution of the integral (1) is the Galerkin solution
with triangular basis and test functions 7}, [30]. As a result, the
integral equation is reduced to a matrix equation

[Z]- 1= [V]. @

Here, the elements of the column matrix [/] are the amplitudes
of the triangular basis functions, and the elements of [V] are
related to the excitation of the wire. Definition of the elements
of [V] for excitation with serial voltage generator and with
illumination by plane wave can be found elsewhere [29]. The
elements of the generalized impedance matrix [Z] describe the
electromagnetic interactions between subsections m and n (with
lengths ¢,, and ¢,,, respectively)

Zmn = jw,uo/ Tda:/ G4T,, dx'

1 AT,
"de | G dz'. 3
+jwé1/f” dx I/ Vd’ )

The problem is practically reduced to evaluation of Green
functions G 4 and Gy .

III. RIGOROUS SOMMERFELD INTEGRAL METHOD
A. Green Functions in the Spectral Domain

We start the analysis of the Green functions in the spectral
domain. The interested reader may find details of the devel-
opment of this solution elsewhere, for example, in [33]-[36].
We consider the x-component field due to a Hertzian HED
of unit strength (Idz = 1A -m) that is located at (0, 0, 2’)
and pointed in the x-direction. The field is observed in point
P at (z,y, 2 <0). The coordinate system is illustrated in
Fig. 1(b).

The spectral expressions for the magnetic vector potential
Green function G 4 and the electric scalar potential Green func-
tion GV in the case when both the source HED and the obser-
vation point are in the earth are

~ 1 [eik=1lz=2l o~k lz+7|
Ga= { o } 4)
2 jkal e jkzl
Gy L [efk“zz/ LR RE + kR e"’““”’]
2 jkzl k/Z) jkzl
Q)
Rlo _ jkzl _jkz() 10 _ E()jkzl - éljkzo
BT Gk +gko” ™ 7 eggkar + é1jkao
_ 2
kz()— \/ - zl - \/k k?)7 \/k%—’—k;
ko = wy/1ogo, k1 = wy/ poé (6)
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where R}, and RY}; are the Fresnel TE and TM reflection
coefficients [37]. Here, p = /22 4+ y? is the radial distance
between the HED and the field evaluation point.

B. Green Functions in the Spatial Domain

The spatial expressions for G4 and Gy can be determined
by means of the 2-D inverse Fourier transform of their spectral
pairs (4), (5) in the form of the well-known Sommerfeld integral
[35]:

1 R
Gay = 7/ GayvJo(kyp)k,dk, (7
™ Jo

where Jy(+) is the Bessel function of the first kind and zero
order. The first terms in (4) and (5) have closed-form solutions
(obtained by using the Sommerfeld identity) [24], while the
other terms are determined by direct numerical integration in a
similar manner to the approach used by Burke [25]:

1 o0 o e—jk21|z+z’\
GA = gd+ﬂ/0 RTETJ()(kpp)k’pdkp (8)
1 00 k2 Rlo, +k2R10
Gy — 2 218t ifirg
v gd-ﬁ-47T ; k:/%
e—jk;1\2+z’|
xS o (kyp)k,dk, ©)
]kzl
1 e Jkira
gda = 47 (10)
™ Td

Here, g4 is the direct field term that represents the spheri-
cal wave arising in the case when the HED is in an infinite
homogeneous medium with the characteristics of the earth.

IV. IMAGE APPROXIMATION

Image approximation of the Green functions follows from
an approximation at low frequencies. When w — 0 the follow-
ing approximation jk,.; ~ jk, is valid because kg >> k2 and
k2 >> k7. By substitution into (6), we obtain the following
low-frequency approximation of the Fresnel reflection coeffi-
cients

RY\ = —Kio, R, =0 )
and
él — &0
Kig = . 12
0= 2 (12)

Here, K is the quasi-static Fresnel reflection coefficient for
anormal plane wave. This is a key simplification because K is
a constant, which enables the derivation of closed-form solution
of the integral in (9). Substitution of (11), (12) into (8), (9) gives
image approximation of the Green functions

Ga = ga (13)
e Kot [ ok, i
vV = gi+ 105/0 TU(M’)[J »
= ga + K109 (14)

1 e Jkiri

= — 15
g PP (15)

Here, g; is the image field term that represents a spherical
wave that arises in the case when the HED is its image position
[see Fig. 1(b)]. Therefore, only charge sources associated with
HED have modified images in (14), while there is no image due
to current for the x-component of G 4 (13). The same conclusion
is also obtained in [13], where the solution is derived for a
frequency limit at dc.

V. ANALYZED IMAGE MODELS

In the next section we compare two different image models
with the rigorous Sommerfeld integral model.

A. Charge Image Model

The first model (referred in next sections as “CHARGE IM-
AGE”) (13)—(15) is derived in the previous Sections as the low-
frequency approximation of the rigorous Sommerfeld integral
solution:

Ga = 94,Gv = ga + K109 (16)
This model was utilized in the MPIE based solution [14].

B. Modified Image Model

The second image model (referred in next sections as “MOD-
IFIED IMAGE”), which is introduced in [8], has images of both
current and charge multiplied by quasi-static Fresnel reflection
coefficient for a normal plane-wave Kiq (12):

Ga = 94+ K109, Gv = ga + Ki09;. (17)

Another possibility is to use different forms of the quasi-static
Fresnel reflection coefficient, that is, for an oblique plane-wave
I'yp instead of Ko (12) in (17), e.g., [5], [9]:

cos —ny/1 —n?sin’ 6 n_(él)_l/Q (18)
cosf +ny/1—n2sin? @ €0

where 6 is illustrated in Fig. 1(b). However, our analysis and
results presented in Section VII suggest that both coefficients,
Ko (12) and 'y (18), lead to very similar results, so we use
simpler K (12) for comparison in the next sections.

It is obvious that an additional image for currents in G4 (17)
introduces error of some extent in the low-frequency range.
However, the use of images of both current and charge is prac-
tically a necessity in EFIE-based solutions, in which it is not
possible to define images separately for current and charge,
e.g., [5]-[9].

'y =

VI. NUMERICAL RESULTS

To examine the accuracy of the approximate expressions of
the Green functions given above and to analyze the domain of
their applicability, we implemented a set of numerical tests.

We consider an x-directed horizontal conductor of radius a =
0.7 cm and lengths L = 1, 10, 50, and 100 m, buried at depths
d = 0.3, 0.5, or 1 m in homogeneous lossy soil, characterized
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Current magnitude (mA)

Current magnitude (mA)

—1 MHz

Current magnitude (mA)

100 MHz

10 20 30 40 50 60 70 80 90 100
£ (m)

Fig. 2. Current distribution along the 100-m-long wire for antenna type
excitation—serial voltage generator 1 V (RMS) at the central point of the wire.

by o1 = 0.1, 0.01, or 0.001 S/m, relative permittivity €1, =
10, and permeability of vacuum . The wire is alternatively
excited by a harmonic voltage generator with RMS value of 1 V
serially connected at the wire central point, or illuminated by
a uniform plane wave of normal incidence with 1-V/m electric
field tangential to the wire conductor, both in frequency range
from dc to 100 MHz. We do not present results for the injection
of current via a shunt current generator (which is of interest
in grounding analysis), because they are very similar to those
presented for voltage generator excitation.

A. Current Distribution

Figs. 2 and 3 illustrate current distribution along a 100-m-
long wire for several frequencies (from 0.1 to 100 MHz) and
several earth conductivities, for antenna and scatterer type of
excitation, respectively. Note that we compared our results in
Fig. 2 with FEKO [39] and NEC [40] software using the avail-
able options for different excitation models and found that they
are in reasonable agreement, especially near the feed point.

We compute the RMS error for the longitudinal current along
the conductor [38] as follows:

N 1/2
Z j’APP _ j’RIG
Erms = n=l N 2 X 100(%)
jgu(;‘
ngl )

‘ 2

19)

10'f,“L=100m d=05m
1

c=0.1S/m

Current magnitude (mA)
)

Current magnitude (mA)

Current magnitude (mA)

5=0.001 S/m

0 10 20 30 40 50 60 70 80 90 100
£(m)

Fig. 3. Current distribution along the 100-m-long wire for scatterer type
excitation—illumination by plane wave with 1-V/m electric field tangential
to the surface of the wire.

Here, I*1G s the phasor of the current samples along the
conductor computed by a rigorous Sommerfeld integral formu-
lation, and f,’?PP is the phasor of the current samples obtained
using image approximations. N is total number of samples along
the conductor.

Figs. 4-7 present the error for the model (17) with images
of both current and charge (denoted as “Mod. image”), and for
the image model (16) with an image only for the charge (de-
noted as “Charge img.”). Although the current distributions in
Figs. 2-3 are quite different for different excitations, the com-
puted frequency characteristics of error for the current in Figs.
4-7 are similar for the different types of excitation (denoted by
black and gray lines).

1) Short Conductors (Shorter Than 10 m): Fig. 4 illustrates
the €, error for the current along the 1-m-long horizontal con-
ductor buried at depth d = 0.5 m for different soil conductivities.

It is clear that the error for both image models is small (less
than 1%) over a wide frequency range. The exception is the
case of low-conductivity earth (0.001 S/m), where the upper
frequency limit is related to the first resonant frequency. (Please
see the discussion in Section VII related to the resonances.)

The effect of the error peaking due to the resonant frequencies
is more important for 10-m-long conductors (see Fig. 5) where
such frequencies are at much lower frequency ranges. However,
the error of both image methods is less than 10% over large
frequency ranges [with slightly better results for the method
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Fig. 4. &y;m5 error for current along the 1-m conductor buried at 0.5 m. Black

line—voltage generator excitation. Gray line—plane-wave excitation.
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with the single image of charge (16)]. The exception is the
case of soil with very small conductivity (0.001 S/m) where the
behavior is highly resonant and the error is high for frequencies
above 1 MHz.

2) Long Conductors (Longer Than 10 m): Figs. 6 and 7 show
the error €, for 50- and 100-m-long conductors, respectively.
The trend in which the resonant frequency is lower for longer
conductors and higher conductivity earth is exhibited by the

20r7— =
L=50m d=05m — Mod. image

Charge img.

15

10

€rms (%0)

.
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&rms (70)
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&ms (%0)
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0 L
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Fig. 6. .5 error for current along the 50-m conductor buried at 0.5 m. Black
line—voltage generator excitation. Gray line—plane-wave excitation.

large peaks of error in low-frequency ranges. However, in this
case, the model with images of both current and charge (17)
leads to much larger error than that of the model with the sin-
gle image of charge (16). The latter model (16) shows a clear
advantage: it leads to an error of approximately 5% over the
whole considered frequency range (up to 100 MHz) for high-
conductivity soil (o; = 0.1 S/m), up to 10 MHz for medium-
conductivity soil (c; = 0.01 S/m), and up to approximately
1 MHz for low-conductivity soil (o7 = 0.001 S/m).

The error is very large for both models above a few megahertz
for very resistive soil (o7 = 0.001 S/m). From the trends in Figs.
6-7, it can be deduced that the upper frequency limit will be
lower than 1 MHz for wires longer than 100 m.

B. Input Impedance

We also computed the frequency characteristic of the error for
the input impedance seen by the serial voltage generator (com-
puted as the quotient of the generator voltage and current). The
error of the input impedance modulus at the voltage generator
terminals is

APP| _ | 7RIG
2277 | — |27
|ZRIG|

Eyz =

x 100(%). (20)

Here, |ZR®1¢| is the modulus of the impedance computed
by the rigorous Sommerfeld integral model, and | ZAPP | is the
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modulus of the impedance computed by the approximate image
models (16), (17).

We only show the error in impedance for the 100-m wire in
Fig. 8 as an example because the frequency characteristics of the
error of the impedance for other considered conductor lengths
are similar to previously analyzed frequency characteristics of
the error of current (as shown in Figs. 4-7).

In addition, here, we show the error when the impedance is
computed in infinite space with the characteristics of earth, i.e.,
when the air/earth interface is completely neglected (dotted line
inFig. 8). In higher conductivity soil (especially for conductivity
0.1 S/m), the air/earth interface clearly loses its influence at high
frequencies, and all approximate models lead to an error nearly
equal to zero. This is not the case in earth with very small
conductivity (0.001 S/m), where the error is high at resonant
frequencies.

C. Influence of the Depth of Burial

Fig. 9 shows the variation of the £, error with respect to
the conductor depth (0.3 and 1 m) for the conductor length of
100 m. (The cases for other conductor lengths are not shown
here because the conclusions are similar.)

The results show that depth of burial has a significant in-
fluence on the error of the image model with both images for
current and charge (17). The error is higher for the shallow con-
ductor burial depth (d = 0.3 m) than for the deeper burial depth

L=100m d=05m —— Mod. image
----- Charge img.

. Infinite space

€, (%)

-20
-30
20 T
10 6 =0.001 S/m i
g ) e i \/\
© 10 i
-20
I
0.001 0.01 0.1 1 10 100
f(MHz)
Fig. 8. ez error for impedance of the 100-m conductor at d = 0.5 m for

different soil conductivities.

(d = 1 m). The sensitivity of the error to the burial depth is
considerably smaller for the model with the image only for the
charge (16).

VII. VALIDATION OF THE COMPUTATIONS

Validation of the presented rigorous Sommerfeld integral so-
lution may be found elsewhere, e.g., [14], [33]. We validated
our computations of e,,5 error (19) for the current by com-
parison with NEC software [40]. In NEC, we computed error
of the reflection coefficient approximate method related to its
Sommerfeld rigorous solution. As shown in Figs. 10 and 11, the
results for €,,,5 error of here analyzed image model (17) are in
reasonable agreement with ¢, error results calculated by NEC.
Note that the here analyzed image model (17) uses quasi-static
Fresnel reflection coefficient for a normal plane-wave K (12),
while NEC uses reflection coefficient for oblique plane-wave
Ty (18). Nevertheless, both approaches lead to similar results,
and, therefore, to similar errors in computation of the current
distribution.

We also compared the €7 error (20) computed with our rigor-
ous Sommerfeld integral model and with FEKO software [39],
revealing agreement to within less than one percent.
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VIII. DISCUSSION

The frequency characteristics of the error of the image model
analyzed in previous sections are related to resonant behavior.
For example, Fig. 12 shows the frequency characteristic of the
impedance of the 10-m-long wire. This characteristic has a clear
resonant behavior for oy = 0.001 S/m, while for more conduc-
tive earth (07 = 0.1 S/m and o1 = 0.01 S/m), the resonances are
suppressed. In the latter case, there exists a transition frequency
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at which impedance changes its behavior from dominantly resis-
tive to dominantly inductive (change in magnitude from nearly
constant to rising in Fig. 12).

The maximum of the error occurs at frequencies that are
somewhat larger than the transition frequency, and in the case
of 01 = 0.001 S/m, the transition occurs at frequency some-
what larger than the frequency of the first minimum of the
impedance modulus. These frequencies also correspond approx-
imately with the first maxima of the impedance phase.

Such frequencies (at which the maximum of the error occurs)
can be approximately determined by solving for fin

ha A 30/2 @1
where A; is the wavelength in soil [41]:
~1/2
1 1 o1 )
M=— 1+ +1 22)
! fy//,LoEl 2 (27Tf€1
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The computation results show that differences between the
computed current by the image methods and the rigorous Som-
merfeld integral method are the largest at and near the above-
mentioned resonance-related frequencies and are smaller away
from these frequencies.

It appears that an additional image for current in the method
with both images for current and charge (17) leads to a large
error at the frequencies described above (that are in the low-
frequency range for long conductors and in higher conductivity
earth). However, there exist cases at high frequencies, especially
for soil of high resistivity [c = 1000 S/m, Fig. 7(c)], where this
method behaves better than the method with the image only
for the charge. This result might be related to the fact that
components of the field due to current and charge are opposite
to each other, with errors of both images that mutually cancel
each other. One exception is the case of high-conductivity soil
(0.1 S/m), where the field at high frequencies is localized near
the conductor (skin depth of approximately 0.2 m at 100 MHz)
and the air/earth interface has no influence.

IX. CONCLUSION

The following conclusions are reached for the application of
the image (or reflection coefficient) method for computation of
the current in buried horizontal wires of finite length.

1) For conductors shorter than 10 m, both image models lead
to errors of less than 10% over wide frequency ranges (up
to 100 MHz in the here-considered frequency range). An
exception is the case of earth with very low conductivity
(0.001 S/m or smaller), where the upper frequency limits
is related to the first resonant frequency (approximately
20 MHz).

2) For conductors longer that 10 m, a distinction should be
made between solutions that implement the image model.
Solutions that use the model with images of both current
and charge (often referred in literature as “modified im-
age” method, e.g., [8], or “reflection coefficient” method,
e.g., [9]), such as EFIE-based solutions (e.g., Pocklington
integral equation), lead to high error (greater than 20%)
in the low-frequency range. Solutions that use model with
the image only for the charge, such as MPIE based solu-
tions, e.g., [14], lead to error of approximately 5% up to
some upper limit frequency.

3) Such upper frequency limit is up to 100 MHz (in
the here-considered frequency range) for very high-
conductivity earth (0.1 S/m), up to approximately 10 MHz
for medium-conductivity soil (c; = 0.01 S/m), and up to
approximately 1 MHz for low-conductivity soil (o7 =
0.001 S/m).

4) A smaller depth of burial increases the error of the model
with both images for current and charge, while a much
smaller effect is found for the model with the image only
for the charge.

5) The errors of the image models are similar for different
forms of the reflection coefficient (for normal and oblique
incidence) and for different types of excitation (with se-
rial voltage generator, injected current by shunt current
generator and illumination by plane wave).
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